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406. 


ON THE CURVES WHICH SATISFY GIVEN CONDITIONS. 


[From the Philosophical Transactions of the Royal Society of London, vol. cLvIII. (for the 
year 1868), pp. 75—143. Received April 18,—Read May 2, 1867.] 


THE present Memoir relates to portions only of the subject of the cúrves which 
satisfy given conditions; but any other title would be too narrow: the question chiefly 
considered is that of finding the number of the curves which satisfy given conditions; 
the curves are either curves of a determinate order r (and in this case the conditions 
chiefly considered are conditions of contact with a given curve), cr else the curves are 
conics; and here (although the conditions chiefly considered are conditions of contact 
with a given curve or curves) it is necessary to consider more than in the former 
case the theory of conditions of any kind whatever. As regards the theory of conics, 
the Memoir is based upon the researches of Chasles and Zeuthen, as regards that of 
the curves of the order r, upon the researches of De Jonquières: the notion of the 
quasi-geometrical representation of conditions by means of loci in hyper-space is 
employed by Salmon in his researches relating to the quadric surfaces which satisfy 
given conditions. The papers containing the researches referred to are included in the 
subjoined list. I reserve for a separate Second Memoir the application to the present 
question, of the Principle of Correspondence. 


List of Memoirs and Works relating to the Curves which satisfy given conditions, 
with remarks. 


De Jonquières: *'lhéorémes généraux concernant les courbes géométriques planes 
d'un ordre quelconque,” Ztouv. t. vi. (1861), pp. 113—134. In this valuable memoir is 
established the notion of a series of curves of the index N; viz. considering the curves 
of the order n which satisfy 4n(n+3)—1 conditions, then if N denotes how many 
there are of these curves which pass through a given arbitrary point, the series is 
said to be of the index N. 


In Lemma IV it is stated that all the curves C, of a series of the index N can 
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be analytically represented by an equation F(y, x)= 0, which is rational and integral 
of the degree N in regard to a variable parameter X: this is not the case; see 
Annex No. 1. 


Chasles: Various papers in the Comptes Rendus, t. LVIII. et seq. 1864—67. The 
first of them (Feb. 1864), entitled * Détermination du nombre des sections coniques 
qui doivent toucher cinq courbes données d'ordre quelconque, ou satisfaire à diverses 
autres conditions,” establishes the notion of the two characteristics (u, v) of a system 
of conics which satisfy four conditions; viz. w is the number of these conics which 
pass through a given arbitrary point, and » the number of them which touch a given 
arbitrary line. The Principle of Correspondence for points on a line is established in 
the paper of June—July 1864. Many of the leading points of the theory are repro- 
duced in the present Memoir. The series of papers includes one on the conics in space 
which satisfy seven conditions (Sept. 1865), and another on the surfaces of the second 
order which satisfy eight conditions (Feb. 1866). 


Salmon: “On some Points in the Theory of Elimination, Quart. Math. Journ. 
t. VIL pp. 327—337 (Feb. 1866); “On the Number of Surfaces of the Second Degree 
which can be described to satisfy nine Conditions,” Ibid. t. VIII. pp. 1—7 (June 1866),— 
which two papers are here referred to on account of the notion which they establish 
of the quasi-geometrical representation of conditions by means of loci in hyper-space. 


Zeuthen: Nyt Bidrag... Contribution to the Theory of Systems of Conics which 
satisfy four conditions, 8°. pp. 1—97 (Copenhagen, Cohen, 1865), translated, with an 
addition, in the Nouvelles Annales. 


The method employed depends on the determination of the line-pairs and point- 
pairs, and of the numerical coefticients by which these have to be multiplied, in the 
several systems of conies which satisfy four conditions of contact with a given curve 
or curves. It is reproduced in detail, with the enumeration called * Zeuthen's Capitals,” 
in the present Memoir. 


Cayley: “Sur les coniques déterminées par cinq conditions d'intersection avec une 
courbe donnée," Comptes Rendus, t. LXIII. pp. 9—12, July 1866. Results reproduced in 
the present Memoir. 


De Jonquières: Two papers, Comptes Rendus, t. LXII. Sept. 1866, reproduced and 
further developed in the * Mémoire sur les contacts multiples d'ordre quelconque des 
courbes du degré r qui satisfont à des conditions données de contact avec une courbe 
fixe du degré »; suivi de quelques réflexions sur la solution d'un grand nombre de 
questions concernant les propriétés projectives des courbes et des surfaces algébriques," 
Crelle, t. LXVI. (1866), pp. 289—322,—contain a general formula for the number of curves 
C" having contacts of given orders a, b, c,.. with a given curve U”, which formula 


is referred to and considered in the present Memoir. 


De Jonquières: Recherches sur les séries ou systèmes de courbes et de surfaces 
algébriques d'ordre quelconque; suivies d'une réponse &c. 4°. Paris, Gauthier Villars, 
1866 (1). 

1 The foregoing list is not complete, and the remarks are not intended to give even a sketch of the con- 
tents of the works comprised therein, but only to show their bearing on the present Memoir. 
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Article Nos. 1 to 23.—On the quasi-geometrical representation of Conditions. 


1. A condition imposed upon a subject gives rise to a relation between the 
parameters of the subject; for instance, the subject may be, as in the present Memoir, 
a plane curve of a given order, and the parameters be any arbitrary parameters con- 
tained in the equation of the curve. The condition may be onefold, twofold,... or, 
generally, k-fold, and the corresponding relation is onefold, twofold,... or k-fold accord- 
ingly. Two or more conditions, each of a given manifoldness, may be regarded as 
forming together a single condition of a higher manifoldness, and the corresponding 
relations as forming a single relation; and thus, though it is often convenient to con- 
sider two or more conditions or relations, this case is in fact included in that of a 
k-fold condition or relation. In dealing with such a condition or relation it is assumed 
that the number of parameters is at least =k; for otherwise there would not in 
general be any subject satisfying the condition: when the number of parameters is 
— k, the number of subjects satisfying the condition is in general determinate. 


2. A subject which satisfies a given condition may for shortness be termed a 
solution of the condition; and in like manner any set of values of the parameters 
satisfying the corresponding relation may be termed a solution of the relation. Thus 
for a k-fold condition or relation, and the same number % of parameters, the number 
of solutions is in general determinate. 


3. A condition may in some cases be satisfied in more than a single way, and 
if a certain way be regarded as the ordinary and proper one, then the others are 
special or improper: the two epithets may be used conjointly, or either of them 
separately, almost indifferently. For instance, the condition that a curve shall touch a 
given curve (have with it a two-pointic intersection) is satisfied if the curve have 
with the given curve a proper contact; or if it have on the given curve a node or 
a cusp (or, more specially, if it be or comprise as part of itself two coincident curves); 
or if it pass through a node or a cusp of the given curve: the first is regarded as 
the ordinary and proper way of satisfying the condition; the other two as special or 
improper ways; and the corresponding solutions are ordinary and proper solutions, or 
special or improper ones accordingly. This will be further explained in speaking of 
the locus which serves for the representation of a condition. 


4. A set of any number, say w, of parameters may be considered as the coordi- 
nates of a point in w-dimensional space; and if the parameters are connected by a 
onefold, twofold,... or k-fold relation, then the point is situate on a onefold, twofold, ... 
or k-fold locus accordingly; to the relation made up of two or more relations corresponds 
the locus which is the intersection or common locus of the loci corresponding to the 
several component relations respectively. A locus is at most «-fold, viz. it is in this 
case a point-system. The relation made up of a k-fold relation, an /-fold relation, &c., is 
in general (k+1+ &c.) fold, and the corresponding locus is (k + l+ &c.) fold accordingly. 


5. The order of a point-system is equal to the number of the points thereof, 
where, of course, coincident points have to be attended to, so that the distinct points 
of the system may have to be reckoned each its proper number of times. The locus 
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corresponding to any linear j-fold relation between the coordinates is said to be a j-fold 
omal locus; and if to any given k-fold relation we join an arbitrary (w—k)fold linear 
relation, that is, intersect the k-fold locus by an arbitrary (w — k) fold omal locus, so as 
to obtain a point-system, the order of the k-fold relation or locus is taken to be 
equal to the number of points of the point-system, that is, to the order of the point- 
system. And this being so, if a k-fold relation, an /-fold relation, &e. are completely 
independent, that is, if they are not satisfied by values which satisfy a less than 
(k+ I+ &e.) fold relation, or, what is the same thing, if the k-fold locus, the /-fold 
locus, &c., have no common less than (k+/+ Še.) fold locus, then the relations make 
up together a (k+ ¿+ &c.) fold relation, and the loci intersect in a (k- I+ &c.) fold 
locus, the orders whereof are respectively equal to the product of the orders of the 
given relations or loci. In particular if we have k+7+48c.=wo, then we have an 
w-fold relation, and corresponding thereto a  point-system, the orders whereof are 
respectively equal to the product of the orders of the given relations or loci. 


6. A k-fold relation, an /-fold relation, &c. if they were together equivalent to a 
less than (k +/+ &c.) fold relation, would not be independent; but the relations, assumed 
to be independent, may yet contain a less than (k+1+&c.)fold relation, that is, they 
may be satisfied by the values which satisfy a certain less than (k+1+ &c.) fold relation 
(say the common relation), and exclusively of these, only by the values which satisfy 
a proper (k+1+ és.) fold relation, which is, so to speak, a residual equivalent of the 
given relations. This is more clearly seen in regard to the loci; the k-fold locus, the 
l-fold locus, &c. may have in common a less than (k+ + &c.) fold locus, and besides 
intersect’ in a residual (¿+ + &c.) fold locus. (It is hardly necessary to remark that 
such a connexion between the relations is precisely what is excluded by the foregoing 
definition of complete independence.) In particular if k+l+ &c. =w, the several loci 
may intersect, say in an (w—J) fold locus, and besides in a residual w-fold locus, or 
point-system. The order (in any such case) of the residual relation or locus is equal 
to the product of the orders of the given relations or loci, less a reduction depending 
on the nature of the common relation or locus, the determination of the value of 
which reduction is often a complex and difficult problem. 


7. Imagine a curve of given order, the equation of which contains arbitrary 
parameters: to fix the ideas, it may be assumed that these enter into the equation 
rationally, so that the values of the parameters being given, the curve is uniquely 
determined. Suppose, as above, that the parameters are taken to be the coordinates 
of a point in w-dimensional space; so long as the curve is not subjected to any 
condition, the point in question, say the parametric point, is an arbitrary point in the 
w-dimensional space; but if the curve be subjected to a onefold, twofold,... or k-fold 
condition, then we have a onefold, twofold,... or k-fold relation between the parameters, 
and the parametric point is situate on a onefold, twofold,... or k-fold locus accordingly : 
to each position of the parametric point on the locus there corresponds a curve 
satisfying the condition, that is, a solution of the condition. In the case where the 
condition is w-fold, the locus is a point-system, and corresponding to each point of 
the point-system we have a solution of the condition; the number of solutions is 
equal to the number of points of the point-system. 
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8. Considering the general case where the condition, and therefore also the locus, 
is k-fold, it is to be observed that every solution whatever, and therefore each special 
solution (if any), corresponds to some point on the k-fold locus; we may therefore have 
on the k-fold locus what may be termed “special loci,” viz. a special locus is a locus 
such that to each point thereof corresponds a special solution. A special locus may of 
course be a point-system, viz. there are in this case a determinate number of special 
solutions corresponding to the several points of this point-system. We may consider 
the other extreme case of a special k-fold locus, viz. the k-fold locus of the parametric 
point may break up into two distinct loci, the special k-fold locus, and another k-fold 
locus the several points whereor give the ordinary solutions: we can in this case get 
rid of the special solutions by attending exclusively to the last-mentioned k-fold locus 
and regarding it as the proper locus of the parametric point. But if the special locus 
be a more than k-fold locus, that is, if it be not a part of the k-fold locus itself, but 
(as supposed in the first instance) a locus on this locus, then the special solutions cannot 
be thus got rid of: we have the k-fold locus of the parametric point, a locus such 
that to every point thereof there corresponds a proper solution, save and except that 
to the points lying on the special locus there correspond special or improper solutions. 
It is to be noticed that the special locus may be, but that is not in every case, a 
singular locus on the k-fold locus. ; 


9. Suppose that the conditions to be satisfied by the curve are a k-fold condition, 
an [-fold condition, &c. of a total manifoldness =. If the conditions are completely 
independent (that is, if the corresponding relations, ante, No. 5, are completely indepen- 
dent) we have a k-fold locus, an J-fold locus, &c, having no common locus other than 
the point-system of intersection, and the number of curves which satisfy the given 
conditions, or (as this has been before expressed) the number of solutions, is equal to 
the number of points of the point-system, or to the order of the point-system, viz. it 
is equal to the product of the orders of the loci which correspond to the several con- 
ditions respectively; among these we may however have special solutions, corresponding 
to points situate on the special loci upon any of the given loci; but when this is 
the case the number of these special solutions can be separately calculated, and the 
number of proper solutions is equal to the number obtained as above, less the number 
of the special solutions. 


10. If however, the given conditions are not completely independent (that is, if 
the corresponding relations are not completely independent), then the k-fold locus, 
the /-fold locus, &c. intersect in a common (w—J) fold locus, and besides in a residual 
point-system. The several points of the (w—J) fold locus give special solutions—in fact 
the very notion of the conditions being properly satisfied by a curve implies that the 
curve shall satisfy a true (k+ + &c.) fold, that is, a true w-fold condition; the proper 
solutions are therefore comprised among the solutions given by the residual point- 
system, and the number of them is as before equal to the order of the point-system, 
or number of the points thereof, less the number of points which give special solutions: 
the order of the point-system is, as has been seen, equal to the product of the orders 
of the k-fold locus, the /-fold locus, &c., less a reduction depending on the nature of 
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the common (w—,J) fold locus, and the difficulty is in general in the determination of 
the value of this reduction. 


11. In all that precedes, the number of the parameters has been taken to be o; 
but if the parameters are taken to be contained in the equation of the curve homo- 
geneously, then the parameters before made use of are in fact the ratios of these 
homogeneous parameters; and using the term henceforward as referring to the homo- 
geneous parameters, the numbers of the parameters will be =w +1. 


12. I assume also that the equation of the curve contains the parameters linearly : 
this being so, the condition that the curve shall pass through a given arbitrary point 
implies a linear relation between the parameters; and the condition that the curve 
shall pass through j given points, a j-fold linear relation between the parameters. Tt 
follows that the number of the curves which satisfy a given k-fold condition, and besides 
pass through w — k given points, is equal to the order of the k-fold relation, or of the 
corresponding k-fold locus; and thus if we define the order of the k-fold condition to be 
the number of the curves in question, the condition, relation, and locus will be all of 
the same order, and in all that precedes we may (in place of the order of the relation 
or of the locus) speak of the order of the condition. "Thus, subject to the modifications 
occasioned by common loci and special solutions as above explained, the order of the 
(X +1+ &c.) fold condition made up of a k-fold condition, an l-fold condition, &c., is 
equal to the product of the orders of the component conditions; and in particular if 
k+l+ &c. = o, then the order of the w-fold condition, or number of the solutions thereof, 
is equal to the product of the orders of the component conditions. 


13. The conditions to be satisfied by the curve may be conditions of contact with 
a given curve or curves. In particular if the curve touch a given curve, the para- 
metric point is then situate on a onefold locus. It is to be noticed in reference hereto 
that if the given curve have nodes or cusps, then we have special solutions, viz. if 
the sought for curve passes through a node or a cusp of the given curve; and each 
such node or cusp gives rise to a special onefold locus, presenting itself in the first 
instance as a factor of the onefold locus of the parametric point; this is, however, a 
case where the special locus is of the same manifoldness as the general locus (ante, 
No. 8), and is consequently separable; throwing off therefore all these special loci, we 
have a onefold locus which no longer comprises the points which correspond to curves 
passing through a node or a cusp of the given curve; the onefold locus, so divested 
of the special onefold factors, may be termed the “contact-locus” of the given curve. 
To each point of the contact-locus there corresponds a curve having with the given 
curve a two-pointic intersection, viz. this is either a proper contact, or it is a special 
contact, consisting in that the sought for curve has on the given curve a node or 
cusp, or (which is a higher speciality) in that the sought for curve is or contains as 
part of itself two or more coincident curves (ante, No. 3). To a point in general on 
the contact-locus there corresponds a curve having a proper contact with the given 
curve, save and except that to each point on any one of certain special loci on the 
contact-locus there corresponds a curve having some kind of special contact as above 
with the given curve. To fix the ideas, it may be mentioned that for the curves of 
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the order r which touch a given curve of the order m and class m, the order of the 
contact-locus is =n +(2r — 2) m. 


14. If, then, the curve touch a given curve, the parametrie point is situate on the 
contact-locus of that curve. If it touch a second given curve, the parametric point is 
in like manner situate on the contact-locus of the second given curve, that is, it is 
situate on the twofold locus which is the intersection of the two contact-loci; and the 
like in the case of any number of contacts each with a distinct given curve. But if the 
curve, instead of ordinary contacts with distinct given curves, has either a contact of 
the second, or third, or any higher order, or has two or more ordinary or other contacts 
with the same given curve, then if the total manifoldness be =k, the parametric point 
is situate on a k-fold locus, which is given as a singular locus of the proper kind on 
the onefold contact-locus ; so that the theory of the contact-locus corresponding to the 
case of a single contact with a given curve, contains in itself the theory of any 
system whatever of ordinary or other contacts with the same given curve, viz. the 
last-mentioned- general case depends on the discussion of the singular loci which lie on 
the contact-locus. And similarly, if the curve has any number of ordinary or other 
contacts with each of two or more given curves, we have here to consider the inter- 
sections of singular loci lying on the contact-loci which correspond to the several given 
curves respectively, or, what is the same thing, to the singular loci on the intersection 
of these contact-loci; that is, the theory Seded; on that of the contact-loci which 
belong to the given curves respectively. 


15. Suppose that the curve which has to satisfy given conditions is a line; the 
equation is ax+by+cz=0, and the parameters (a, b, c) are to be taken as the 
coordinates of a point in a plane. Any onefold condition imposed upon the line 
establishes a onefold relation between the coordinates (a, b, c), and the parametric point 
is situate on a curve; a second onefold condition imposed on the line establishes a 
second onefold relation between the coordinates (a, b, c), and the parametric point is 
thus situate on a second curve; it is therefore determined as a point of intersection 
of two ascertained curves. In partieular if the condition imposed on the line is that 
it shall touch a given curve, the locus of the parametric point is a curve, the con- 
tact-locus; (this is in fact the ordinary theory of geometrical reciprocity, the locus in 
question being the reciprocal of the given curve;) and the case of the twofold condition 
of a contact of the second order, or of two contacts, with the given curve, depends 
on the singular points of the contact-locus, or reciprocal of the given curve; in fact 
according as the line has a contact of the second order, or has two contacts with the 
given curve (that is, as it is an inflexion-tangent, or a double tangent of the given 
curve), the parametric point is a cusp or a node on its locus, the reciprocal curve: this 
is of course a fundamental notion in the theory of reciprocity, and it is only noticed 
here in order to show the bearing of the remark (ante, No. 14) upon the case now 
in hand where the curve considered is a line. 


16. If the curve which has to satisfy given conditions is a conie 
(a, b, c, f, g, húx, y, 2? =0 


we have here six parameters (a, b,c, f, g, h), which are taken as the coordinates of a 
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point in 5-dimensional space. It may be remarked that in this 5-dimensional space we 
have the onefold cubic locus abc — af*— bg? —ch*+ 2fgh = 0, which is such that to any 
position of the parametric point upon it there corresponds not a proper conic but a 
line-pair; this may be called the discriminant-locus. We have also the threefold locus 
the relation of which is expressed by the six equations 


(bc—f*=0, ca—g!—0, ab—h?=0, gh—af=0, hf—bg=0, fg—ch-0) 


which is such that to any position of the parametric point thereon, there corresponds 
not a proper conie but a coincident line-pair. I call this the Bipoint-locus('), and 
I notice that its order is =4; in fact to find the order we must with the equations 
of the Bipoint combine two arbitrary linear relations, 


(* Ya, b, c, f, g, h)= 0, 
(w Qa, b, c, f, g. h)=0; 


the equations of the locus are satisfied by 
abc gatos yt a soya 


(where a: B : y are arbitrary); and substituting these values in the linear relations, 
we have two quadric equations in (a, 8, y) giving four values of the set of ratios 
(a: B : y); that is, the order is =4, or the Bipoint is a threefold quadric locus. 


17. The discriminant-locus does not in general present itself except in questions 
where it is a condition that the conie shall have a node (reduce itself to a line-pair); 
thus for the conies which have a node and touch a given curve (m, w), or, what is the 
same thing, for the line-pairs which touch a given curve (m, n), the parametric point is 
here situate on a twofold locus, the intersection of the discriminant-locus with the con- 
tact-locus. It may be noticed that this twofold locus is of the order 3(n+2m), but 
that it breaks up into a twofold locus of the order 3n, which gives the proper solutions; 
viz. the nodal conics which touch the given curve properly, that is, one of the two 
lines of the conic touches the curve; and into a twice repeated twofold locus of the 
order 3m which gives the special solutions, viz. in these the nodal conic has with the 
given curve a special contact, consisting in that the node or intersection of the two 
lines lies on the given curve. By way of illustration see Annex No. 2. But the con- 
sideration of the Bipoint-locus is more frequently necessary. 


18. Suppose that the conic satisfies the condition of touching a given curve; the 
parametric point is then situate on a onefold contact-locus (a, b, c, f, g, R)? =0 (to fix 
the ideas, if the given curve is of the order m and class n, then the order q of the 
contact-locus is =n+2m). The contact-locus of any given curve whatever passes 
through the Bipoint-locus; in fact to each point of the Bipoint-locus there corresponds 
a coincident line-pair, that is, a conic which (of course in a special sense) touches the 
given curve whatever it be; and not only so, but inasmuch as we have a special 


1 In framing the epithet Bipoint, the coincident line-pair is regarded as being really a point-pair: see 
post, No. 30. 
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contact at each of the points of intersection of the given curve with the coincident 
line-pair regarded as a single line, that is, in the case of a given curve of the m-th 
order, m special contacts, the Bipoint-locus is a multiple curve on the corresponding 
contact-locus. 


19. If the conic has simply to touch a given curve of the order m, and class n, then 
the order of the condition (or number of the conics which satisfy the condition, and 
besides pass through four given points) is equal to the order of the contact-locus, that 
is, it is =n,+2m,. If the conic has also to touch a second given curve of the order 
m, and class n,, then the order of the twofeld condition (or number of the conics 
which satisfy the twofold condition, and besides pass through three given points) is 
equal to the order of the intersection or common locus of the two contact-loci; and 
these being of the orders m, +2m, and n, + 2m, respectively, the order of the intersection 
and therefore that of the twofold condition is =(n,+2m,) (n; +2m,). But in the next 
succeeding case it becomes necessary to take account of the singular locus. 


20. If the conic has to touch three given curves of the order and class (m, m), 
(ma, n), (Mz, ng) respectively, we have here three contact-loci of the orders m, + 2m;, 
na + 2m,, n,4-2mj respectively; these intersect in a threefold locus, but since each of 
the contact-loci passes through the threefold Bipoint-locus, this is part of the intersection 
of the three contact-loci; and not only so, but inasmuch as they pass through the 
Bipoint-locus 7%, m,, m, times respectively, the Bipoint-locus must be counted m, m,m, 
times, and its order being =4, the intersection of the contact-locus is made up of the 
Bipoint reckoning as a threefold locus of the order 4m,m,m;, and of a residual three- 
fold locus of the order 


(n, + 2m,) (n, + 2m,) (n; + 2m5) — 4m, Mms, 
= MNN + 2 (ninm; + e.) + 4 (m m,m, + EC.) + 4m,m,m; ; 


and the order of the threefold condition (or number of the conics which touch the 
three given curves, and besides pass through two given points) is equal to the order 
of the residual threefold locus, and has therefore the value just mentioned. 


21. In going on to the cases of the conics touching four or five given curves, 
the same principles are applicable; the contact-loci have the Bipoint (a certain number 
of times repeated) as a common threefold locus, and they besides intersect in a residual 
fourfold or (as the case is) fivefold locus, and the order of the condition is equal to 
the order of this residual locus; but the determination of the order of the residual locus 
presents the difficulties alluded to, ante, No. 10. I do not at present further examine 
these cases, nor the cases of the conics which have with a given curve or curves 
contacts of the second or any higher order, or more than a single contact with the 
same given curve. 


22. The equation of the conie has been in all that precedes considered as con- 
taining the six parameters (a, b, c, f, g, h); but if the question as originally stated 
relates only to a class of conics the equation whereof contains linearly 2, 3, 4, or 5 
parameters, or if, reducing the equation by means of any of the given conditions, it 
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can be brought to the form in question, then in the latter case we may employ the 
equation in such reduced form, attending only to the remaining conditions; and in 
either case we have the equation of a conic containing linearly 2, 3, 4, or 5 parameters, 
which parameters are taken as the coordinates of a point in 1-, 2-, 3-, or 4-dimensional 
space, and the discussion relates to loci in such dimensional space. This is in fact 
what is done in Annex No. 2 above referred to, where the conics considered being 
the conics which pass through three given points, the equation is taken to be 
Syz+gzx +hey=0, and we have only the three parameters (Z g, h); and also in 
Annex No. 3, where the conics pass through two given points, and are represented by 
an equation containing the four parameters (a, b, c, h): I give this Annex as a some- 
what more elaborate example than any which is previously considered, of the application 
of the foregoing principles, and as an investigation which is interesting for its own 
sake. See also Annexes 4 and 5, which contain other examples of the theory. The 
remark as to the number of parameters is of course applicable to the case where the 
curve which satisfies the given conditions is a curve of any given order r; the 
number of the parameters is here at most =4(r+1)(r+2), and the space therefore 
at most 47(r+3) dimensional; but we may in particular cases have eo +1 parameters, 
the coordinates of a point in w-dimensional space, where w is any number less than 
1 r (r +3). 

23. I do not at present consider the case of a curve of the order 7, or further 
pursue these investigations; my object has been, not the development of the foregoing 
quasi-geometrical theory, so as to obtain thereby a series of results, but only to sketch 
out the general theory, and in particular to establish the notion of the order of con- 
dition, and to show that, as a rule (though as a rule subject to very frequent exceptions), 
the order of a compound condition is equal to the product of the orders of the 
component conditions. 'The last-mentioned theorem seems to me the true basis of the 
results contained in a subsequent part of this paper in connexion with the formule 
of De Jonquières, post, No. 74 et seg. But I now proceed to a different part of the 
general subject. 


Article Nos. 24 to 72.—Reproduction and Development of the Researches of 
CHASLES and ZEUTHEN. 


24. The leading points of Chasles's theory are as follows: he considers the conics 
which satisfy four conditions (4X), and establishes the notion of the characteristics 
(m, v) of such a system, viz. m, = (AX -), denotes the number of conics in the system 
which pass through a given (arbitrary) point, and v, =(4X/), the number of conics in 
the system which touch a given (arbitrary) line. We may say that y is the parametric 
order, and v the parametric class of the system. 


25. The conics 
G, * ASIS SEA. UI 


which pass through four given points, or which pass through three given points and 
touch a given line, %c.,... or touch four given lines, have respectively the characteristics 


(1, 2), (2, 4), (4, 4), (4, 2), (2, 1). 
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26. A single condition (X) imposed upon a conic has two representative numbers, 
or simply representatives, (a, 8); viz. if (4%) be an arbitrary system of four conditions, 
and (u, v) the characteristics of (44), then the number of the conics which satisfy 
the five conditions (X, 4Z) is = ap + Bv. 


97. As an instance of the use of the characteristics, if X, X', X", X", X"" be 
any five independent conditions, and (a, B), ... (a”, B”) the representatives of these 
conditions respectively, then the number of the conies which satisfy the five conditions 


(X, X", La AM A is 


=(1, 2, 4; 4, 2, 1$a, B) (a, B (a", B") (a”, p") (a”, 8”) 
viz. this notation stands for laa'a"a"'a"" + 9*aa'a"a"" 8”... + 188'8”8”8". 


28. In particular if X be the condition that a conie shall touch a given curve 
of the order m and class n, then the representatives of this condition are (m, m), 
whence the number of the conics which touch each of five given curves (m, n), ... 
(m”, V. is 


=(1, 2, 4, 4, 2, 1Qn, m) (n', m^) (n^, m") (n", m (n"", m"). 
29. A system of conics (4X) having the characteristics (z, v), contains 


2v — py line-pairs, that is, conics each of them a pair of lines; and 


24 — v point-pairs, that is, conics each of them a pair of points (coniques 
infiniment aplaties). 


30. I stop to further explain these notions of the line-pair and the point-pair; 
and also the notion of the line-pair-point. 


A conic is a curve of the second order and second class; quà curve of the second 
order it may degenerate into a pair of lines, or line-pair (but the class is then — 0): 
quà curve of the second class it may degenerate into a pair of points, or point-pair 
(but the order is then — 0) The two lines of a line-pair may be coincident, and 
we have then a coincident line-pair; such a line-pair (it must I think be postulated) 
ordinarily arises, not from a line-pair the two lines of which become coincident, but 
from a proper conie, flattening by the gradual diminution of its conjugate axis, while 
its transverse axis remains constant or approaches a limit different from zero; the 
conic thus tends (not to an indefinitely extended but) to a terminated line('); in other 
words, the tangents of the conic become more and more nearly lines through two fixed 
points, the terminations of the terminated line; and these terminating points, which 
continue to exist up to the instant when the «conjugate axis takes its limiting 
value =0, are regarded as stil existing at this instant, and the coincident line-pair 
as being in fact the point-pair formed by the two terminating points. Similarly the 
two points of a point-pair may be coincident, and we have then a coincident point- 


1 A line is regarded as extending from any point A thereof to B, and then in the same direction, from B 
through infinity to 4; it thus consists of two portions separated by these points; and considering either portion 
as removed, the remaining portion is a terminated line. 


O. VI. 26 
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pair; such a point-pair (it must in like manner be postulated) ordinarily arises, not 
from a point-pair the two points of which become coincident, but from a proper conic 
sharpening itself to coincide with its asymptotes, and so becoming ultimately a pair 
of lines through the coincident point-pair; and the coincident point-pair is regarded 
as being in fact the line-pair formed by some two lines through the coincident point- 
pair. 


31. In accordance with the foregoing notions we may with propriety, and it will 
in the sequel be found convenient to speak of a point-pair as a line terminated by 
two points on this line, and similarly to speak of a line-pair as a point terminated 
(that is, the pencil of lines through the point is terminated) by two lines through the 
point. 


32. If in a point-pair thus considered as a line terminated by two points the 
two points become coincident (the line continuing to exist as a definite line), or, what 
is the same thing, if in a line-pair thus considered as a point terminated by two 
lines, the two lines become coincident (the point continuing to exist as a definite 
point) we have a “line-pair-point;” viz. this is at once a coincident line-pair and a 
coincident point-pair; it may also be regarded as the limit of a conic the axes of 
which, and the ratio of the conjugate to the transverse axis, all ultimately vanish: 
it may be described as a line terminated each way at a point thereof, or as a point 
terminated each way at a line through it. The notion of a line-pair-point first 
presents itself in Zeuthen's researches, as will presently appear; but it may be noticed 
here that line-pair-points, and these the same line-pair-points, may present themselves 
among the 2» — p line-pairs, and among the 24 — 0 point-pairs of the system of conics 4X. 


33. Returning io the foregoing theory of characteristics, I remark that the funda- 
mental notion may be taken to be, not the characteristics (g, v) of the conics which 
satisfy fonr conditions, but in every case the number of the conies which satisfy five 
conditions. Thus for the conics not subjected to any condition, we may consider the 


symbols | 
CX CD CIDO. GI CHD (VID 


denoting the number of the conics which pass through five given points, or which, 


pass through four given points and touch a given line, &c...., or which touch five 
given lines; these numbers are respectively 

Il DE 4, 4, 2, i 
So for the conics which satisfy a given condition X, or two conditions 2X, ..., or five 


conditions 5.X, we have respectively the numbers 


X, (::), Gon: (: //)» C ///), (////) 
2X, (:/» (//) CHD 


C»). 
3X, (:) (-/» UD 
4X gk +), God 
5X, 
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where the X, 2X, Sc. belong to the symbols which follow: read (X::), (X.'./), &e., 


or, as we may for shortness represent them, 


m 
Mou WU, va Bls AE um 


au 
we AR ee 


wy, y, p 
po, v 
Ho 
viz. the single condition X has the five characteristics (u”,... 7”), ...; the four 


conditions 4X, the characteristics (u, v) as in the original theory; and the five 
conditions 5X a single characteristic py. 


34. We thus see the origin of the notion of the representatives (a, 8) of a 
single condition X; for considering the arbitrary four conditions 4Z, the characteristics 
whereof are (u, v) and assuming that the single characteristie, or number of the conics 
(X, 4Z), is = au + Bv, and taking for (4%) successively the conditions 


C» GD ED Cl CIID: 
having respectively the characteristics 
(1, 2, (2, 4, (4, 4), (4, 2) (2, 1), 


we have 
p” =la + 28, 


y" = 24 + 48, 
p Me. 4a 4i 48, 
a” — 4a + 28, 
T" =24+1B, 
that is, the characteristics (u/", v”, p", a”, T”) of a single condition X are not 
independent, but are representable as above by means of two independent quantities 
(a, 8); or, what is the same thing, we have 
y" c Qu”, g” = gum p” == 2 (v” + "d 
which being satisfied, the representatives (a, 8) are given by 
a= 1 Qr" `. ux. B ct i (2u” - T ; 


35. I find that a like property exists as to the characteristics (u”, v", p", a”) of 
the two conditions 2X, viz. these are not independent but are connected by a single 
linear relation, 

u” — 3 v” + 3p” — o’=0. 


This may be proved in the case where the conditions 2X are two separate conditions 
(X, X); viz. let the representatives of these be (a, 8), (a, B') respectively, then 


26—2 
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combining with them the three arbitrary conditions X”, X”, X” having respectively 
the representatives (a", 8”), (a”, B”), (a"", B”), we have the general equation 


(X, > (f a * du A) = EN 2, 4, 4, A 1%a, B) (a, B^) (a^, Bg") (a”, A) (a ^ B : 
taking herein 


qc, X", X)=(: 6h. C/) (///) 


successively, and observing that the representatives of (-) are (1, 0) and those of (/) 
are (0, 1), we thus obtain for (u”, v", p", a”), characteristics of (X, X^), the values 


=, 2, da, B) (z, B’), 
v^ = (2, 4, 4%a, 8) (a, 8, 
p" — (4, 4, 2%a, B) (a, B), 
o” = (4, 2, 1%a, B) (a, B’), 
(viz. p” = laa' + 2 (a8' + a 8) + 488’, &c.), and these values give identically 
2,4" — 3v" + 3p" — 20” = 0, 
which is the foregoing equation. And I assume that the theorem extends to the 


ease of two inseparable conditions 2X, but in this case I do not even know where 
the proof is to be sought for. 


The characteristics (w, v’, p^) of the three conditions 3X are in general independent. 
36. It has been mentioned that if (a, 8) are the representatives of the condition 
X, and (pu, v) the characteristics of the conditions 4Z, then 
(X, 4Z) = ap + Bv; 


this is the most convenient form of the theorem, but as (a, 8) are known functions 
of the characteristics (u", v”, p", a”, T”) of the condition X, the equation is in 
effect an expression for (X, 4Z) in terms of the charaeteristics of X and 4Z respectively. 


There is, similarly, an expression for (2X, 3Z) in terms of the characteristics 
(w, v, p', a”) of 3Z (satisfying the relation C —$ v + š p' — o” = 0) and the characteristics 
(u, v, p) of 2X, viz. we have 


(2X, 32)- p( Tp +30") 
+v(-3H tr Lp — š o) 
+P (Chu — ty ). 


This may be easily proved in the case where the conditions 2X are two separable 
conditions X, X’ having the representatives (a, 8), (a, 8”) respectively, and the 
conditions 3Z three separable conditions Z”, Z”, Z” having the representatives (a”, 8”), 
(a”, B”), (d, B”) respectively; we have, in fact, 


u =(, 2, 49a, 8) (d, 8), p=(1, 2, 4, 4a”, B") (a^, B") (a”, B”), 
v = (2, 4, 4% > » ) v = (2, 4, 4, 2% > > > j^ 
p = (4, 4, 21 » > Y p = (4, 4, 2, 1% > > ” JA 
o — (4, 2, 1% > » E 
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and with these values the function 
(X, X; Z”, a; Zz”), es (Ty 2; 4, 4, 8, 1$a, B) (a, B^) (a^, p") (a”, gy a”, 8”) 
is found to be expressible as above in terms of (u, v, p), (w, Y, p, 0”); but I do 


not know how to conduct the proof for the inseparable conditions 2X and 3Z. 


97. It may be remarked by way of verification that writing successively 


(32) = (^). CA C/A (III), 
(u, v, p) — (1, 2, 4), (2, 4, 4), (4, 4, 2), (4, 4, 1), 
we have in the first case 
(2X .:.) = -4p +4 
„rin+š$v+šp-žo 
+2 — v 
= H+ilkn-žv+žp—o) =p, 
and similarly in the other three cases, 
GA .//)=v, QX-/)=p, (X) = e. 


38. Let (u, v, p, o) be the characteristics of 2%, (u—3%v+3%p—da=0) and 
(w, v, p', a”) the characteristics of 2X, (u'—2»--$p'—6 -—0) Then in the formula 
for (2X, 3Z), writing successively for 3X 


that is, 


(2X .), characteristics (u, v, p), 


(2X / ) » (v, P» 0), 


we obtain expressions for the characteristics (2X, 2Z-) and (2X, 2Z/) of (2X, 22), viz. 
eliminating from the formule, first the (o, o’) and secondly the (u, pw’), each of these 
may be expressed in two different forms as follows : 


and 


(2X, 22.) . (2X, 2Z/) 
= ¿pp = dw 
ti. — vv 
— $ (uv' + uv) =} Pr 
+4 (up + wp) — 1 (uv + wn) 
TUM V Ne +3 (vp! + v p) 
ES E = tao’ 
-$PP +š pp’ 
— tv’ — 1 (pe' + p’c) 
— 1 (po’ + p'o) + š (ve' +10) 
+4 p + v p), — 4 (p" + vp), 
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the two expressions of the same quantity being of course equivalent in virtue of the 
relations between (yu, v, p, a) and (y, v', p', a”) respectively. 


The characteristics of (X, Z), (X, 2Z) (X, 3Z) are at once deducible from the 
before-mentioned expression ap + Bv of (X, 4Z). 


39. Zeuthen's investigations are based upon the before-mentioned theorem, that 
in a system of conics (4X), characteristics (g, v), there are 2,4-—» point-pairs and 
2v —, line-pairs. If in the given system the number of point-pairs is =X and the 
number of line-pairs is =w, then, conversely, the characteristics of the system are 


p=3(22+0), v=} A +2). 


And by means of this formula he investigates the characteristics of the several systems 
of conics which satisfy four conditions (4X) of contact with a given curve or curves, 
viz. these are the conics 


0000, (1, 1)(1)(1), (1 DA, 1), (1, 1, DA), Q, 1. 1, 1), 
200 , (O1 , (2000) , ( 1, 1), 

(2) (2) , (2,2) ; 

(3) (1) » (8, 1) 

(4) ; 


where (1) denotes contact of the first order, (2) of the second order, (3) of the third 
order, (4) of the fourth order, with a given curve; (1)(1) denotes contacts of the first 
order with each of two given curves, (1, 1) two such contacts with the same given 
curve, and so on. A given curve is in every case taken to be of the order m and 
class n, with ó nodes, < cusps, r double tangents, and + inflexions (m, m, 61, Ki, T üh; 
Mz, My, &c. as the case may be) The symbols (1) &e. might be referred to the 
corresponding curves by a suffix; thus (1), would denote that the contact is with a 
given curve of the order m (class », &c.); but this is in general unnecessary. 


40. In a system of conies satisfying four conditions of contact, as above, it is 
comparatively easy to see what are the point-pairs and line-pairs in these several, 
systems respectively; but in order to find the values of X and a, each of these point- | 
pairs and line-pairs has to be counted not once, but a proper number of times; and 
it is in the determination of these multiplicities that the difficulty of the problem 
consists. I do not enter into this question, but give merely the results. 


41. For the statement of these I introduce what I call the notation of Zeuthen's 
Capitals. We have to consider several classes of point-pairs and the reciprocal classes 
of line-pairs. A point-pair may be described (ante, No. 31) as a terminated line, and 
a line-pair as a terminated point; and we have first the following point-pairs, viz.: 


A, line terminated each way in the intersection of two curves or of a curve with 
itself (node). 


B, tangent to a curve, terminated in a curve, and in the intersection of two 
curves or of a curve with itself. 
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C, common tangent of two curves, or double tangent of a curve, terminated each 
way in a curve. 


D, inflexion tangent of a curve terminated each way in a curve: 
and the corresponding line-pairs, viz. : 
A’, point terminated each way in the common tangent of two curves or the double 
tangent of a curve. 
B', point of a curve terminated by the tangent of a curve, and by the common 
tangent of two curves or double tangent of a curve. 


C', intersection of two curves, or of a curve with itself (node), terminated each 
way by the tangent to a curve. 


D', cusp of a curve terminated each way by the tangent to a curve: 


all which is further explained ,by what follows; thus in the case (1)(1)(1)(1), 
= (1), (1), (Dm, (1)4, the value of A is given as ZXm,m,.m,m,(— S3m,m,m,m,). Here 
A is the number of the point-pairs terminated one way in the intersection of any 
two m,, m, of the four curves, and the other way in the intersection of the remaining 
two my, m, of the four curves. But in the case (1, 1)(1)(1) =(1, 1), (Dm, (1), the 
value of A is given as =d6mm,+mm,.mm,. Here A denotes the number of, the 
point-pairs, which are either (9m,m,) terminated one way at a node. of m, and the 
other way at an intersection of m,, m,, or else (mm,.mm,) terminated one way at an 
intersection of m, m, and the other way at an intersection of m, m: and so in other 
cases. 


42. This being so, we have 
(1) (1) (1) (1), = (Mn, Mm, (Din, On 


A= Imm, mm, (=3 m,m,mzm,), |1] A'eXnnm Mg (3 mantha), 

B=žmm, .m;.n,(= 32m,m,myn, ), 2 | B= Inn .n.m,(-8Xnnn,m,), 

C =2m,.M3.N3N4 (= 2m,m2n3n, ). |4| C —Xn.n.mygn (= 23nn,mm,). 
(1, 1) 0) (1), = (1, Da (0D), (D, 

A= smm, + mm, . MM», 1| 4= mmn, + NN. NNa, 

B= nm, + dn om, 2| B= «m», + Tm - 
+ mm, (n — 2) m, + mm, (n — 2) m, + nn, (m — 2) n, + nn, (m — 2) n, 
+ mmn (m — 1) + mmn, (m — 1) + nm, (n — 1) + nnm, (n — 1) 
+ mmn (m — 2) + nnm (n — 2), 

C= mmm, 4 10 = nn 
+ nm, (m — 2) m, + nn, (m — 2) m, + mm, (n — 2) n, + mm, (n — 2) n, 
+ mn, . 1 m (m — 1), + ms. in (n — 1), 


Damm 8| D= "nn 
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(I, D(L 13 —(L' De (L, D. 


A= 68 + 1 mm, (mm, — 1), l| A= rr +4 nn (nn, — 1), 
B= ón, (m, — 2) + Š,n (m — 2) 2 | B= Tm(n—2) + 7m (n — 2) 
+ mm, (n — 2) (m, — 1) + mm, (n, — 2) (m — 1), +nn, (m — 2) (m —1)+xnn,(m, — 2) (n —1 
C= r.1m (m. — 1) + r, . 1 m (m — 1) 4 | C= 8.4, (n, 2) +6,.$n(n—1) 
+ nn, (m — 2) (m, — 2), + mm, (n — 2) (n, — 2), 
D=:.+m(m — 1) + x . 1 m (m — 1) 3 | D= x.in(n-1) + x, . 1 m (n — 1). 
CL Dy) CE) TEE LS 
A= ómm,, l| A= enn}; 
B= 8(n-— 4)m + Ón, (m — 2), 2| B= Tr(m—4)n, + rm (n — 2), 
+ mm, (n — 2) (m — 3), + nn, (m — 2) (n — 3), 
C= T(m-—4)m + nn... 1 (m — 2)(m — 3), 4 | C = 8(n—-4)n,+mm,..4 (n — 2) (n — 3), 
D= ¿(m-—-3)m. 8! D= x(n—-3)n. 
(1,2 0, stb EX T. 
A —168(8— 1), 1| A'-ir(r—1) 
B= &(n—4)(m-— 4), 2| B= T(m—4)(n—4), 
C= 1T.ļ(m—4)(m—5), 8| C= 8.+(n-4)(n-— 5), 
D= 14.4 (m—3)(m—4). 4| D= x.i(n—3)(n-— 4). 


43. Secondly, we have the point-pairs: 


E, tangent to curve from intersection of two curves or of a curve with itself 
(node) and terminated at the point of contact and the last-mentioned point. 


F, tangent to a curve at intersection with another curve or with itself, and 
terminated there and at a curve. 

G, common tangent of two curves or double tangent of a curve, terminated at 
one of the points of contact and at a curve. 

D, ut supra. 


H, line joining cusp of a curve with intersection of two curves or of a curve 
with itself, and terminated at these points. 


I, line from cusp of a curve touching a curve, and terminated at the cusp and 


at a curve. 


J, Inflexion tangent of a curve, terminated there and at a curve: 
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and 


and 


the corresponding line-pairs, viz. 
E', point on a curve in common tangent of two curves or double tangent of a 
curve, and terminated by this tangent and by tangent to a curve. 


F, point on a curve in common tangent of this and another curve or in double 
tangent of this curve, and terminated by this tangent and by tangent to a 
curve. 


D', ut supra. 


H', intersection of inflexion tangent of a curve with common tangent of two 
curves or double tangent of a curve, and terminated by these lines. 


T, intersection of inflexion tangent of a curve with a curve, and terminated by 
this tangent and by tangent of a curve: 


this being so, 
(2) (1) (1), = (2) (1)n, (Lm, 


E =n. mm,, 3 E -m.nn, 
F = mm, . m, + mm. m, 3 F = mn, . m, + nn. m, 
G —nn,.m, + Tm... Ms, 6 G' = mm... n, + mn, . ns, 
D = mm», 2 D = kmn,, 
H = xm,m,, E H = mamn, 
I =xnM, +«nm. 2 V =imnm + (dih. 
(2) (1, 1) = (2), (1, Dm. 
E = ëm, 3 E' = 7 m, 
F = m . m, (m, — 1), 3 F=n.n (m-—1), 
G=nn,  (m,-—2), 6 G' —qm, (n, — 2), 
D = ..1m, (m, — 1), 2 D = k. yn, (n, — 1), 
H = cÀ, i H= im, 
I-xn (m-—2). [3 T =im (n —2) 
(2, 1)(1), = (2, Dm Ua. 
E = @ — 2). mm., 3 E = (m — 2). mm, 
F = mm, (m — 2) + 26m, 3 F’=nn, (n—2) +2rm, 
G= nn,(m — 2) + 2rm;, 6 G" =mm,(n—2) + 26n, 
D=:¿(m-—3)m,, 2 D =x(n—3)n, 
H = kmm,, 1 H = unn, 
I =x(n—3) m, + xn, (m — 2), 2 T =i(m—3)n+im(n—2), 
J = m. 5 J = kn. 
e. VI. 27 
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(2, L 1), eO iba 


E= 8(n — 4), 3 E = T(m-4), 

F = 2ë (m — 3), 3 F =27 (n. — 3), 

G = 27 (m — 4), 6 G' = 28 m — 4), 

D = .,.1(m-— 3) m— 4), 2 D = «.4(n—3)(n—-4), 
H= dk, 1 si 

I = k(n—3)(m — 4), 2 T = ¿(m — 3) (n-— 4), 
J = ¿(m-—83). 5 J = x(n—83). 


44. Thirdly, we have the point-pairs: 


K, common tangent of two curves or double tangent of a curve, terminated at 
points of contact. 


L, line from cusp of a curve touching a curve, and terminated at cusp and point 
of contact. 


M, line joining cusp of a curve with cusp of a curve, and terminated by the two 
cusps. 


N, inflexion tangent terminated each way at inflexion, viz. this is a line-pair-point. 
O, cuspidal tangent terminated each way at cusp, viz. this is a line-patr-point: 


and the corresponding line-pairs : 


K”, intersection of two curves or of curve with itself (node), and terminated by 
the two tangents. 


I’, intersection of inflexion tangent of a curve with a curve, and terminated by 
the inflexion tangent and the tangent at the intersection. 


M’, intersection of inflexion tangent of a curve with inflexion tangent of a curve, 
and terminated by the two inflexion tangents. 


N’, =0, line-pair-point as above. 
0', = N, line-pair-point as above: 
which being so, we have 


(2) (2), = (2)m (2), 


K=nn, 9 K” = mm, 
L = xn, 4n, 3 L = m, + um, 
M = kki. 1 M = tay; 
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(2, 2), =(2, 2). 


EK 9 Rue 
L = k(n—3) 3 L = ¿(m-—3), 
M = dx (w — 1), 1 M=i:(-1), 
ur 2 N ln, 
as 1 FERAIT 


45. Fourthly, we have the point-pairs : 


P, tangent of a curve at its intersection with another curve or itself, terminated 
each way at the point of contact—line-pair-point. 


Q, common tangent of two curves or double tangent of a curve, terminated each 
way at one of the points of contact—lne-pair-point. 


J, ut supra. 

R, cuspidal tangent terminated at cusp and at a curve: 
and the corresponding line-pairs : 

P’, = Q, line-pair-point. 

Q', = P, line-pair-point. 

J', ut supra. 


R”, inflexion of curve terminated by the inflexion tangent and by tangent to a 
curve : 


which being so, we have 


(3) (1), = (3). (1)a,. 


P = ym 2 P, ; 
9=m , 2 9 = mm, 
ESA x» 5 duum E». 

R = xm. . 4 D' = an. 

(3, 1), =(8, 1L. 

P =28, 2 Q = 2 

Q = 2R 2 T" 22:20, 

J = + (m—8), 5 J = «(n—8), 
R = x(m-8). - 4 R = 1 (n—8). 


46. And lastly, we have the point-pairs N, O (line-pair-points) and the line-pairs 
N’, 0' (line-pair-points), ut supra, and 


(4), =(%)m 
N =L | 4 | AN" = x, 
0 =x 2 0' =: 


27—2 
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47. Where in all cases the central column of figures gives the numerical factors 
which multiply the corresponding capitals, thus we have 


for (1) (1) (1) (1) CE A +2B +40 
= ly — £ = N 


s=2u—v =A +2B -- 4C"; 


for (1, 1)(1)(1), 
A =2v —p =A +2B +40 -3D, 


w = 2u — v =A' +2B +40! + 3D*, 
and so on. 


48. The elements (m, n, 6, x, T, +) of a curve satisfy Pliicker's six equations, and 
Zeuthen uses these equations, in a somewhat unsystematic way, to simplify the form 
of his results. 


It is convenient in his formule to write 3m + =3x + x, =a, and to express every- 
thing in terms of (m, n, a), viz. we have for this purpose 


28 =m — m + 8n — 3a, 
2r=n? —8m— n-—3a. 
But I make another alteration in the form of his results; he gives, for instance, 
the characteristics of (1, 1)(1)(1) as 
p =p" mm + w” (min, + mm) + W nm, 


v =v" mm + v" (mn, + MM) + mm, 
where 
P -m(m 23) T T 


p^ =v =2n ( m+2n—5) +27, =(1, 1:/ ), 

p” =v" =2n (2m+ n—5)--28, =(1, 1-//), 

y" =2n (m+ n—3) 4 è, - (1, 1///), 
viz. the four components have really the significations (1, 1.'.) set opposite to them 
respectively; and accordingly, instead of giving the formule for the two characteristics 
of (1, 1) (D) (D), I give those for the four characteristics (1, 1.'.), &c. of (1, 1), thus in 
every case obtaining formule which relate to a single curve only. Subject to the last- 


mentioned variation of form, I give Zeuthen's original expressions in Annex 6; but 
here in the text I express them as above in terms of (m, n, 4), viz. 


49. We have the formule 
(1) 

( :::j)2.mn T 2m, 

( ../)=2n + 4m, 

( : // dn + 4m, 

(: /[[ )= 4n + 2m, 

( /[/[) = 2n + 2m; 
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(1, 1) 
(..)= 2m? + 2mn + $n? — 2m — En — $a, 
( : /) = 2n? + 4mn + 5? —2m — n — 3a, 
(ID= m+ 4mn 4-2)? — m — 2n — 3a, 
(/[[ ) = 4m? + 2mn + 2:2? — 3m — 2n — Ba. 
1 1) 
(:)=%mM+2mwn+ metin — 2m2 — nma — 1 72 — 20.m — 289 L a (— 39m — 3 m + 13), 
(-/) 24 m? + 2m*>n + 2mm? + d i? — m?—4mn— n? — 5$ m — 16 n + aL 3m — 3n + 20), 
(//)=+m+ mn + 2mn? + 2 n° — 4m? — 3mn — Wn? — 29. m —22n + a(— $m —3n + 13); 
(b.L 1,1) 
(+) = 4g m* + $ min + mn? + 3 mg? + 34 m* 
— ) m? — 3m?n — 2mn? — fn? — 181 m — 21mn — 228 n? + 191 m + 593.0 
T a(— š m° —8mn — $n? + 33 m + 55 n BRD + a . 9, 
(/ ) 5 gg m + 3 mint mn? + 2 ma? + à n 
— jm? — 2m?n — 3mn* — 1n? — 222 m? — 21mn — 15122 + 493 m + 191 
+a (— im — 3mn — $n? + 58 m+ 43 n— 882) + 03.8; ; 


(2) 
litijs a, 
(:/) = 2a, 
(-//) = 2a, 
(ID= a; 
(2, 1) 


(:)212m + 12n + (2m + à — 14)a, 
( - [) = 24m + 24n + (2m + 2n — 24) a, 
(I 2 12m + 12n + ( m + 2n — 14)a; 
(2, 1, 1) 
( : ) = 24m? + 36mn + 12n* — 168m — 168n + a ( m? + 2mn + 3n? — 25m — 32 n + 138) — 8 a, 
( / )= 12m? + 36mn + 24n? — 168m — 168n + a (ám? + 2mn + i — 3? m — 25n + 138) — $ 02; 
(2, 2) | 
( *) 2 27m + 24n — 20a + La 
( / ) 2 24m + 27n — 20a + ła; 
(3) 


(* /) 2 — 8m — 8n + Ga, 
( /[) = — 8m — 4n + 3a; 
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(3, 1) 
(+ )= — 8m? — 12mn — 3n? + 56m + 53n + a (6m + 3n — 39), 
( / ) = — 8m? — 12mn — 8n? + 53m + 56n + a (3m + 6n — 39); 
(4) 
(- )=— 10m— 8n + Ga, 
(/)=- 8m- 10r + Ga. 


50. By means of the foregoing formule I obtain, as will presently be shown, the 
following formule for the number of the conics which satisfy five conditions, viz. : 


(5) = — 15m — 15n + 9a ; 
(4, 1) 2 — 8m? — 20mn — 81? + 104m + 104n + a (6m + 6n — 66); 
(3, 2)= 120m + 120n + a (— 4m — 4n — 78) + 32^ ; 
(3, 1, 1) = — $n? — 10m?n — 10mn? — 3 v? + 199 m? + 116mn + 192 n? — 434m — 434n 
+ a ($ m? + 6mn + $n? — 8 m — S9 n + 291) — Za’; 
(2, 2, 1) = 24m? + 54mn + 24n? — 468m — 468n 
+ a (— 8m — 8n + 327) + e? (4m + 3n — 12); 
(2, 1, 1, 1) = 6m? + 30n?n + 30mm? + 61? — 174m? — 348mn — 174? + 1320m + 1320n 
+ a ($m? + mén + mn? + 10? — 15 m? — 26mm — 15 n? + 358 m + 358 n — 960) 
+ a (— 3 m — š m + 28); 
(1, 1, 1, 1, 1)()= +o m+ min 3 mn +3 mn dy mn + 56 m 
— pm- es mēn — 2m*n? — 5 mm — d nt 
— 11 qi? — 292 mn — 292 mn? — LE nŠ 
+ 1267 m? + 533 mn + 1981 n? — 8152 m — 3189 y 
+ a(— im? — 3 mn—3 mmn°— Ln? + 22 m° + 23mn + 22 n? — 337 m — 237 n + 486) 
+ a° (9 m -- 9 n — 15). 


51. I observe that by means of the above-mentioned expressions of (X, 4Z) and 
(2X, 3Z), the foregoing results, other than those for (5), (4, 1), &c., may be presented 
in a somewhat different form, viz. we have 


(42) 1) =n(-)+m(), 


where (:) denotes (4Z j), (/) denotes (4Z/) and so in other cases, the understood 
term being 3Z or 2Z, as the case may be. 


1 In my paper in the Comptes Rendus, I gave erroneously the coefficients — 5259 m — 3252 m, . +a (... +185). 
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(32) (2) = C i 
(321,1) = (:)Gw —4n) 


TC: /) (mn — 3a) 
+( //) m? — 4m); 


(22) (3) = (..)( ¿m+ n= a) 
+(:/)(4m-3n+3a) 
+(-//)(—$m—fn+ 3a) 
+(///)( m+3n- fa); 

(2Z)(2,1) = 


(7. ) [— 8m — 3n + a (— 1m + 1n + 2)} 
+(:/){ gmt gnta( ¿m+¿n-4)) 
+(-//){ ¿m+¿n+a( ¿m+¿n-4)) 
+( ///)(-3m—8n +a( $m — 1n. 2)); 
(MN 1, B 
) (- da m? — mn + Jn? + fe P + š m? + 0mn— ¿4 TL m LRR LL ¿m-¿n-1)) 

E Di dg më + mn + 1mm? — 4 n — Eo? — mn + sn — 1⁄2 m— 35 + a (—dym — sn +) 
TC /[) U dg m? mn + š mm + Vm + dm? — $mn — Fen? — 5m — 39 n + a (— 65 m — fen + 3)) 
+(///))1 d; m? tmn- pn? — 404 & m + Omn + Â 2+ Hm +n ra (— š m+ ¿n-1)); 
in all which formule it is to be recollected that we have 

(792-86) $€C/D - (I[) =0, 
to which may be joined 

(Z) (4X) = a (&X -) 4- b (4X/), 


where a, b are the representatives of the condition.(Z), and where (4X) is to be con- 
sidered as standing successively for (4), (3, 1), (2, 2), (2, 1, 1), and (1, 1, 1, 1), the 
values of (&X-) and (4X/) being in each case given by the foregoing Table. 


52. The formule are very convenient for the calculation of the numbers of the 
conies which satisfy five conditions of contact with two given curves; thus if, for 
example, (3%), =(3)m,, denotes the condition of a contact of the third order with a 


given curve (mj) then writing for symmetry (2), in place of (2), we have 
(Sm, (2) = $a (3 - /)m, 
= a(— 4m, — 4n, + 3a). 
53. To obtain the foregoing expressions of (5), (4, 1), (8, 2), (3, 1, 1), (2, 2, 1), 


(2, 1, 1, 1), and (1, 1, 1, 1, 1), I assume that the given curve breaks up into two 
curves (m, n, 4) and (m’, n’, a’), or, as we may for shortness express it, into two curves 


m and m’. 
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We have then 
(5)m+m = (5)n + (5w, 


viz. the conics which have contact of the 5th order with the aggregate curve m +m’ 
are made up of the conics which have this contact with the curve m and the conics 
which have this contact with the curve m. Writing this under the form 


(5)mem DAS (5)m Ra (Bl =0, 


and observing that (5), is a function $(m, n, a), and that consequently this is a 


, 


functional equation $(m +m', n + W, a + a^) — ó (m, n, a) — $ (m/, w, à) 20, the solution is 


$ (m, n, a) = am + Dn + ca, 


where a, b, c are arbitrary constants; Dut as the solution should be symmetrical in 
regard to m, n, we have a =b, or the solution is $ (m, n, a) = a (m + n) + ca. 


54. Similarly we have 
(4, loce $ (4, 1) T (4, ym = (4). (Dan eb (4), (19; 


viz. the conics which have with the aggregate curve m+m’ the contacts (4, 1) are 
made up of the conies which have the two contacts 4 and 1 with the one curve or 
with the other curve, or the contact 4 with the one curve and the contact 1 with 
the other curve. The expression on the right-hand side is a known function of (m, n, a), 
(m, n, a); hence the form of the functional equation is 


$ (m + m/, n + W, a + 0) — ó (m, n, a) — $ (e, n, à) = F (m, n, a, m, e, a); 


and any particular solution of this equation being obtained, the general solution is 
found by adding to it the term am+bn+ca. Assuming that the particular solution is 
symmetrical in regard to (m, n), then the term to be added is as before = a (m + m) + ca. 
And similarly for (3, 2), (3, 1, 1), &c.; that is, in every case we have a solution con- 
taining two arbitrary constants a, c, which remain to be determined. 


55. Now in every case except (5), the number of intersections of the conic with 
the curve is » 6 (viz. for (4, 1), and (3, 2), the number is 7, for (3, 1, 1) and 
(2, 2, 1), it is 8, and for the remaining two cases it is 9 and 10 respectively) ; hence 
if the given curve m be a cubie, the number of conics satisfying the prescribed 
conditions is — 0; and since a cubic may be the general cubic or a nodal or a 
cuspidal cubic, we have the three cases (m, n, a)=(3, 6, 18), (3, 4, 12), and (3, 3, 10). 
We have thus in each case three conditions for the determination of the constants 
a, c; So that there is in each case a verification of the resulting formula. 


56. In the omitted case (5), , when the curve m is a cubic, the theory of the 
conics (5), is a known one, viz. the points of contact of these conics, or the “sextactic ” 
points of the cubic, are the points of contact of the tangents from the points of 
inflexion ; the number of the conics (5), is thus =(n—8)s, viz. in the three cases 
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respectively it is —27, 3, and 0, Hence for determining the constants we have the 
three equations 


9a + 18c = 27, 
7a+12c= 3, 
6a+10c= 0, 
which are satisfied by a=—15, c=9, and the resulting formula is 


(5) 2 — 15m — 15n + 9a. 


In the particular case of a curve without nodes or cusps, this is (5) = 12n — 15m, 
=m (12m — 27), which agrees with the result obtained in my memoir “On the Sextactic 
Points of a Plane Curve,” Phal. Trans. vol. CLV. (1865), pp. 545—578, [341]. 


57. The subsidiary results required for the remaining cases (4, 1), Ke. are at once 
obtained from the foregoing formule for (4%) (1), (32) (2), &c.; for example, we have 


(hla Lar -= m(—10m-— 8n+ 6a) 
+m (— 8m-— 10n + 6a), 
with like expressions for (3, 1), (1), &c., 
(3) (2)m ļa (—8m—8n + Ga), 
(3), (1, D), = - (Gn? — 1 ) (— 4m — 3n + 3a) 
+ (mw — 32’ )(— 8m — 8n + 6a) 
+ (4m”?- 4m’) (— 3m — 4n + 3a); 
with like expressions for (2, 1), (2), (2, 1), (1, Im, AG, re. 


58. Calculation of (4, 1). We have 
(4, Din+0m' "i (4, Dan T. (4, Ds = (4). (Dan T (4w (Dm, 
= — 16mm’ — 20 (mn + mn) — 16nn'+ 6 (an' + an) + 6 (am + am), 
the integral of which is 
| (4, 1), = — 8m? — 20mn — 8»? + a (m + n) + a (6m + 6n + c). 
The particular cases (m, n, a) — (3, 6, 18), (3, 4, 12), (3, 3, 10) give respectively 
0 = 252 + Ya + 18c, 
0= 64 --7a 4 12c, 


0= 36+ 6a + 10c, 
satisfied by a= 104, c= — 66. 
d vi. 28 
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59. Calculation of (3, 2). We have 


(3, 2)m+m d (3, 2)in x (3, 2)m = (3). (2), "T (3) m’ (2) > 
= — 4 (ma + m'a) — 4 (nd + Wa) + ba: 
the integral is 
(3, 2), = a (m + n) + a (— 4m — 4n + c) + 30, 


and, as before, 
324 + 9a + 18c = 0, 


96 + Ta + 12c = 0, 
60 + 6u + 10c — 0, 
satisfied by a = 120, c= — 78. 


60. For the calculation of (3, 1, 1) we have similarly 


(9, T, Diner 68, 4, D, (8, E D$ CE Di E aL, Da 
+ (3, Din (Dow + (3, la (1). 
The function on the right-hand side was of course calculated from the values of 
(3)x (1, Dm, &c.; but there is no use in this (and the more complicated cases which 
follow) in actually writing down the values of the function in question; it can in each 
case be calculated backwards from the foregoing expressions of (3, 1, 1), &c, and the 
values so obtained be verified by actual substitution. But assuming it to be known, the 
solution of the functional equation gives of course the foregoing expression for (3, 1, 1), 
except that the terms in m+n and a are therein a (m --n)--cx; and I shall in this 
and the subsequent cases give only the three equations which determine the constants. 


In the present case these are 
— 332 + 9a + 18c = 0, 


— 454 + 7a + 12c = 0, 
— 306 + 6a + 10c — 0, 
satisfied by a — — 434, c= 291. 
61. The remaining cases are (2, 2, 1), (2, 1, 1, 1) and (1, 1, 1, 1, 1) We have 


(2, 2, 1 Pr (2, 2, Dir d (2, 2)m (Din " (2, 2)w (1) 
+ (2, Din (2)m + (2, Dir (2), 
— 1674 + 9a + 18c = 0, 
— 648+ 7a + 12c = 0, 
— 462-4 6a + 10c = 0, 


and 


satisfied by a=— 468, c — 327. 
Again, 
(2, 1,1, Brim = (2, L1, Dw, LED LD ie + (97 LI 
+ (2, Din (1, I). + (2, Din (Din 
+(2m (1; 1, Div + (Que (1, 1, Da, 
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and 

5400 + 9a + 18c = 0, 

2280 + 7a + 12c = 0, 

1680 + 6a + 10c =0, 
satisfied by a = 1320, c— — 960; and finally, 


(1,1; 51; Di (B dB (0,1, 5,1, E =" (Tp 1, 3; Ty Oar? SPOR T$ d 
vl f (1 Duet e tds Lim. 

— 30618 + 90a + 180c = 0, 

— 14094 + 70a + 120c = 0, 

— 10692 + 60a + 120c = 0, 

satisfied by 10a = 6318, 10c = 4860, that is, a=— 3159, c = 486. 


and 


62. The contacts of a conie with a given curve which have been thus far considered 
are contacts at unascertained points of the curve; but a conic may have with the given 
curve at a given point thereof a contact of the first order, the condition will be denoted 
by (2); or a contact of the second order, the condition will be denoted by (3), and so on. 
It is to be observed that the conditions (2), (3), &e. are sibireciprocal, the contact at a 
given point of the curve is the same thing as contact with a given tangent of the curve; 
but if we write (1) to denote the condition of passing through a given point of the 
curve, this is nof the same thing as the condition of touching a given tangent of the 
curve; and this last condition, if it were necessary to deal with it, might be denoted 
by (1. But I attend only to the condition (1) The expressions for the number of 


conies which satisfy such conditions as (1), (2), &c. are obtainable in several ways. 


63. (1%) When the total number of conditions is 4, the question may be solved 
by Zeuthen's method, viz. by determining the line-pairs and point-pairs of the system 
4Z, with the proper numerical coefficients, and thence deducing the values of the 
characteristics (4Z-) and (4Z/) A few cases are in fact thus solved in Zeuthen’s work. 


64. (2°) By the foregoing functional method. It is to be observed that there is a 
difference in the form of the functional equation, and that the general solution is 
always given in the form, Particular Solution + Constant, so that there is only a single 
constant to be determined by special considerations. To take the simplest example, let 
it be required to find the number of the conies (3Z)(1, 1): writing for shortness in 
place hereof (1, 1), or (in order to mark the curve (m) to which the symbol has 
reference) (1, 1)m, let the curve (m) be the aggregate of the curves (m) and (m). 
Regarding the point 1 as a given point on the curve (m), that is, an arbitrary point 
in regard to the curve (m), we have thus the equation 


(1, Don! D (Ī, 1 ^ s ( š 1555 


where the right-hand side is known; and so in general the form of the functional 
equation is always $ (m + m/) — $ (m) = given value, that is, 


ģ(m+mw, n+n, a+ a^) — $ (m, n, a) = given function of (m, n, a, m, w, a); 


28—2 
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whence, as stated, the general solution is Particular Solution + Constant. In the case 
in hand, taking successively (3Z)= (~), (:/), € //), and (///), we have in the first of 
these cases 

(1, Dae — (1, 1), 2 + 2, 


whence (1, 1), = n + 2m + const. = (1, 1)(..); and the value of the constant being in 
any way ascertained to be = — 2, we have (1, 1)(-.) 22 --2m — 2; and the like for the 
other three cases. 


65. (3°) The expressions for the number of conics which satisfy such conditions 
as (1) (2) €c. are deducible with more or less facility from the corresponding 
expressions wherein (1), (2), &c. are replaced by (-), (:), &c.; thus from (')(::1) =n 4- 2m 
we deduce 

(1, 1)2(:/) -2(. 2) =n + 2m — 2, 


viz. if one of the four arbitrary points of (::/) becomes a point on the curve, then the 
condition (::/) is satisfied specially by the conie (.. 2) which passes through the 
remaining three points and touches the curve at the point in question; 2 of the conies 
(::/) coincide with the conic in question. We have thus a reduction 2(..2), = 2, and 
the number of the conics (..1, 1) is =n+2m- 2. Similarly, we have the system 


qu Au )2n-4 2m — 2, 
(s boboto )=n4+2m-4, 
(-LLILD=- “28-86, 
(I; T ECL Wy St me 9. 


Again, two or even three of the given points on the curve may come together without 
any reduction being thereby caused, that is, we have 


Coy ) =n + 2m — 4, 
(21,1 )=(-3,1 )=n+2m-6, 

aut > LL H= A l)=n +2m- 8; 
but if the four points on the curve coincide in pairs, or, what is the same thing, if 
in (2, 1, 1, 1) the points 1 and I come to coincide, then there is a special reduction, 
and we have 


(2, 2, 1)=2+2m-8[-(m-2)]=9+n-6, 


viz here (m— 2) of the conics come to coincide with the two points considered as a 
point-pair or infinitely thin conic. If the points 2 and 2 come to coincide, that is, if 
the four given points on the curve all coincide, there is no further reduction, but we 
have 


(4, 1) 2m + x — 6. 


1 I write indifferently (1) (::), (1::) or (::1); and so in other cases. 
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66. The expressions involving a single (1) may in every case be reduced by the 
foregoing method to depend upon other expressions; thus we have 


(32 )(, 1) =(-1) — 2 (2) ; 
(22 )(1, 2) w( - 8) — 3 (9) i 
LUE LIP 9-611 n5 , 
(jū +2 9(1,9 —20:5 . —3(1, Y), 
ADULTI TESI, 
» (1.3) -(:3). — 4(4) ; 
(1, 4) =(- 4) — 5 (5) ; 
&e., 


where, comparing for example the equations for (Z)(1, 1, 2) and (2Z)(1, 1, 1), it will 
be observed that in the first case the contacts 1, 2 of the symbol (1, 1, 2) successively 
coalesce with the point 1, giving respectively 2(2, 2) and 3 (1, 3), the exterior factor 
being in each case the barred number, whereas the second case, where the contacts 1, 1 
of the symbol (1, 1, 1) are of the same order, we do not consider each of these symbols 
separately (thus obtaining 2(2, 1)+2(1, 2), =4(2, 1)), but the identical symbol is taken 
only once, giving 2(2, 1). Thus we have also 


UI ADAN BL 0590 1 171) 
67. The value of a symbol involving (2), say the symbol (3Z)(2), is connected 


with that of 4(3Z-/); but as an instance of the correction which is sometimes required 
I notice the equation 


(2, Ld 1)=34 (1, 1, 1 d) — (4 m — 2) (m 2 3) + 4 (n — 2) (n — 3) +3 (3, E 1)+2(4, 1). 
which I have verified by other considerations. 


68. We obtain the series of results : 


(1) 
Cis ed; 
(../)=2, 
(3/0 2, 
Le L % 
(////)=2; 

(Ī, 1) 


(..)= n+2m-—2, 
( : | ) = 2n + 4m — 4, 
(-//)=4n + 4m — 4, 
( /[[ ) 2 4n +2m—2; 
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( : ) 2 2m? + 2mn + 4n — 6m — $n L 8 — ša, 
(-/)=2m*+4mm+ m — 6m — 5n + 12 — 3a, 
(//)= m+ 4mn + 2n?- 8m — $n + 8 — 3a; 


( : )=— 4m — 3n — 4 + 3a, 
( / )2— 8m — 8n — 4 + 6a; 


( + )= 6m+ 9n+30+a(2m+ n—16), 
( / )=21m + 18n + 30 + a (2m + 2n — 26); 


C /[) 7 2, 
(///)=1; 

(2, 1) 
( : )=2m+ n—4, 
(- / )= 2m + 2n — 6, 
(//)= m+2n—4; 


0) m? 4 2mn 4 12 —Tm —2n 4-18 — 2a, 
| )=4m?+2mn+ n—im—Tn+18-3a; 
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= 3m + Sun + 2mn* + 1 n — 2m*— 8mn — 3n"—J2¿m—4n—36+4(—3m—3n+23): 
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(3, 1) 
(-) = n+2m- 6, 
(/) =2n+ m-—6; 
(4) 
LA =1, 
(/) = 1; 


which are the several cases for the conics which satisfy not more than four conditions, 
and 


69. For the conics satisfying 5 conditions, we have 


(5) =1, 

(4, 1) = m + x — 6, 

(3, 2) =—9+a, 

(9: 1,; 1) = $m? + 2mn + $n? — Lim — 12n + 27 — Ba, 

(2.8) = — 4m — 4n — 6 + 3a, 

(2, 9, 33 = pareret, 

(2, 1, 1, 1) = ¿m+ m?n + mn? - 195? — $m? — 8mm — $n? + 35m 43-8 — 75 
de. 22, 

(1, 4) = — 10m — 8n — 5 + 6a, 

(1, 1, 3) = — 8m? — 12mn — 3n? + 60m + 57n + 36 + a (6m + 3n — 45), 

(1, 9,2) = 27m + 24n + 0.45 

(1, 1, 1, 2) =%im+30mn + 2172 — 321m — 3310 — 189 


+ a (m? + 2mn + x — 27m — 38n + 345) — gat, 
(1, 1, 1, 1, 1) = jn + $m + mn? + ma? + A m — ām — 5m?n — 4m? — $m 
— 121m? — 5mn — 299 9? + 335m, + 913 + 150 


+a(—3m*— 3mn — Zn + 4m + EEn — 473) + Sa, 


70. The given point on the curve to which the symbols 1, 2, Ge. refer may be 
a singular point, and in particular it is proper to consider the case where the point 
is a cusp. I use in this case an appropriate notation; a conic which simply passes 
through a cusp, in fact meets the curve at the cusp in two points; and I denote 
the condition of passing through the cusp by 1x1; similarly, a conie which touches 
the curve at the cusp, in fact there meets it in three points, and I denote the 
condition by 2x1 ; 1x1, 21 are thus special forms of 1, 2, and the annexed 1 indicates 


the additional point of intersection arising ipso facto from the point 1 or 2 being a 


cusp. Similarly, we should have the symbols 3x1, 4«l, 5x1; but it is to be observed 
that at a cusp of the curve there is no proper conic ern a higher contact than 
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2x1; thus if the symbol contains 3x1, or à fortiori, if it contain 4x1 or 5x1, the 


number of the conics is in every case =0; it is thus only the cases lel and 2x1 
which need to be considered. 


71. The several modes of investigation which apply to the case of contact at a 
given ordinary point of the curve are applicable to the case of contact at a cusp: 
we may if we please employ the functional method; we have here a functional equation 
of the foregoing form, $ (m + m")— $m = given value (that is, ģ(m+m, ndm, w + 0) 


— b (m, n, a)= given function of (m, n, a, m, Y, a’)), and the general solution is as 
before = Particular Solution + Constant; so that there is in each case a single arbitrary 
constant to be determined by special considerations. The determination of the constant 
is in some instances conveniently effected by means of the case of the cuspidal cubic: 
see Annexes Nos. 4 and 5. 


The formation of the functional equation itself is similar to that in the corre- 
sponding case where the given point on the curve is an ordinary point. For example, 
we have 


(2Z) (1, T, maw CE, L 1)n= (1 Ds. = "(1 12s m 1) 
+ (Dan eT, Lu s $ (i^ g^ n) (1 Ju 
| + (mn — 3a’) (1 * Jun 
+$(m* —m')(1//)m, 


and we may herein simply change 1 intc 1x1. Writing successively 2Z = ( : ), (-/) and 
(//), we find 


(1x1, 1, 1:)mam —( : )u 2n ( n2m—3)-4-m'(2n--2m — 6) - (42^— KOH -(m/n' -22)29 - (4i? — 4^) 4, 


( 
( 


' [mw — T m=n (2n4-4m — 6) 4 (4n 4- 4 —06)2-(3n?— $n’) 2 - (m/w — 3a’) 4-- (42? — 4m) 4, 
Il mm L [[)o 9 n (4n--4m — 6) -m/(4n-- 2m—3) (gn? — gn’) 4--(m/n' -24)4+(4m2—4m')4, 
which only differ from the corresponding expressions with 1 in that they contain 


n + 2m — 3, 2n + 4n — 6, 4n + 4m — 6, 4m 4- 2n — 3 
in place of 
n + 2m — 2, 2n + 4m — 4, 4n + 4m — 4, 4m + 2n — 2 


respectively, and they lead to the expressions for (1x1, 1, 1:), &c., the arbitrary constant 
being in each case properly determined. 


72. We have 
(1«1) 
(321 
(../) = 2, 
(://)=4, 
G =4, 
(///)=2; 
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(1x1, 1) 
(..)= n+2m-3, 
(:/)=2n+4m- 6, 
(-//)=4n + 4m — 6, 
(/[] ) 2 4n - 2 — 3; 


(1x1, 2) 
(carpe 04, 
(-/)=22-8, 
( /] )=2a—4; 
(1«1, 1, 1) 


( : ) 22m? + 2mn + in? — 8m — $m + 13 — 3a, 
(-/)=2m*+4mn+ i? —8m — Tn + 18 — 3a, 
( || ) 2. m? -- 4mn + 2n? — 4m — 8n + 12 — 3a; 
(Il, 3) 
(+ )=—4m—8n—5 + 3a, 
( | )2— 8m — 8n — 6 + 6a; 
(1«1, 1; 2) 
(+ )= 4m+ 8n+44+a(2m+ n-—17), 
( | )=20m + 16n + 42 + a (2m + 2n — 27); 
(1«1, 1, 1, 1) 
( + )=%m+2mn+ mn+4—5m— Imn—2n*+ 2m422n—57+4(—3m—3n+435), 
( | )=1m+2mn+2mn+1n:—5m*—10mn—4n*—11m+17n—54+a(—3m—3n+32); 
(2x1) 


( : )=2m+ n—5, 

(+ / ) 2 2m + 2n — 6, 

(I| )= m+2n-4; 
(2x1, 2) 

( S )=a-=7, 


(/)=2-6; 
C. VI. 29 
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(2x1, 1, 1) 
(+) = m4+2mn+4n—7Tm — iin + 21 — 3a, 
(/ ) =im4+2m+ n—¿m-— "n418—3a. 


73. The remainder of this table, being the part where the symbols (-) and (/) 
do not occur, I present under a somewhat different form as follows: 


(5x1) =0, 

(4x1, 1) =0, 

(3x1, 2) =0, 

(8x1, 1, 1). = 0, 

(2, 3) — (2x1, 3) =0, 

vA 1) — (2x1, 2, 1) =n- 3, 

(2, 1, 1, 1) -—-(Qx1,1,1,1) —4(n—83) (n — 4), 
(1, 4) — (1x1, 4) = 1, 

(Ī, 1, 3) — (1x1, 1, 8) = (2x1, 3) + (n— 3), 
ow — (1x1, 2, 2) =3(n—3)+«-1, 


(41,12) -(11,1,1,2) =(2k1, 1, 2)4+$(n= 3) (n — 4) F — 9m — 4, 
(Lh L L1 L K T A VG 1.11 V SGR P 


These results relating to a cusp, are useful for the investigations contained in the 
Second Memoir. 


=l 


It will be noticed that the symbols which contain 2«1 are not, like those which 
contain 2, symmetrical in regard to (m, m): the interchange of (m, n) would of course 
imply the change of a cusp into an inflexion, and would therefore give rise to a new 
symbol such as 241; but I have not thought it necessary to consider the formule 


which contain this new symbol. 


Investigations in extension of those of DE JONQUIÈRES in relation to the contacts of a 
Curve of the order r with a given curve. Article Nos. 74 to 93. 


74. De Jonquiéres has given a formula for the number of curves C" of the 
order r which have with a given curve Um of the mth order t contacts of the orders 
«, b, c, &c. respectively, which besides pass through p points distributed at pleasure 
on the curye U™ (this includes the case of contacts of any orders at given points of 
the curve U”), and which moreover satisfy any other 4r (r+ 3)— (a+b + c+ &c)—p 
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conditions; viz. the number of the curves C” is = p (a+ 1) (b + 1) (c + 1)... into 
| [rm-—(a+b+c..)-p |]! 
+ [rm—(a+b+c..)-p-1]7 (a +b +c .)[D] 
+ [rm—(a+b+c..) — p — 2]? (ab + ac + bc. .) [DI 


| 
4 


Lt ect TU SUP (aba... ) LD]5 


where the curve U" is a curve without cusps, and having therefore a deficiency 
D-i(m-1)(m-2)—8; the numbers a, b, c,.. are assumed to be all of them unequal, 
but if we have a of them each =a, 8 of them each =b, &c., then the foregoing 
expression is to be divided by (sls [87P...; and y denotes the number of the curves C" 
which satisfy the system of conditions obtained from the given system by replacing 
the conditions of the £ contacts of the orders a, b, c, Še. respectively by the condition 
of passing through «+b+c... arbitrary points. In order that the formula may give 
the number of the proper curves C" which satisfy the prescribed conditions, it is 
sufficient that the ir(r--3)—(a--b-Fc..)— p conditions shall include the conditions of 
passing through at least a certain number T of arbitrary points: this restriction 
applies to all the formule of the present section. : 


75. I wil for convenience consider this formula under a somewhat less general 
form, viz. I wil put p=0, and moreover assume that the ¿r(r+3)-(a+b+c..) 
conditions are the conditions of passing through this number of arbitrary points; 
whence y = 1. 


We have thus a curve C" having with the given curve Um £ contacts of the 
orders a, b, c.. respectively, and besides passing through ¿r(r+3)-—(a+b+c..) arbitrary 
points; and the number of such curves is by the formula = (a + 1) (b + 1) (c + 1),... into 


( [rm—(a+b+c..) | 


oe II +b +c ..)[D} 
S + [rm — (a +b+ c..) — 2} (ab + ac + bc . .) [DE 


Lens D E ni (abc ... ) [D], 


where, as before, in the case of any equalities between the numbers a, b, c,..., the 
expression is to be divided by [a]* [8f.... 


76. I have succeeded in ‘extending the formula to the case of a curve with 
cusps: instead of writing down the general formula, I will take successively the cases 
of a single contact a, two contacts a, b, three contacts a, b, c, &c.; and then denoting 
the numbers of the curves C" by (a), (a, b), (a, b, c), dic. in these cases respectively, 
I say that we have 


(a) = (a +1) rm — a] 
E 
do T 


29—2 
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(a, (ü) = (a + 1) (b + 1) [rm — a — b] ) 
+ [rm — à — b — 1] (a +0) [D] | 
+ ab. „LDP 
_ a (b +1) (rm — a — b — 1] y [«]* 
"s E 
bei [rm — a — b — 1] | 
5 ne J 
+ ab ; ; : : i t A ioi LETS 
(a, b, c) 2(a-1) (b L 1) (c-1) | [rm -a —b—c F | 
e vads 5 + b+ o)[D]| 
Jimmie (ab + ae + bo) [DP 
U+ abc [DP 
I Ree [rm —a - b — c — 1f? y 100 
po E [D] 


lod ab ¿OP 
+ [2bc (a + 1) | [rm —a—b—c—2} 
+ aD 
—ab  . j ; ay Pee giant ii qai; alā 


L 
) 
| ] [«P 


77. The foregoing examples are sufficient to exhibit the law; but as I shall have 
to consider the cases of four and five contaets, I will also write down the formula 
for (a, b, c, d), putting therein for shortness 

a+b+c+d=a, ab+..+cd= B, abc..-- bed = y, abcd = 8, 
a+b+c=4, ab + ac 4- be — B, abe = y, a - b — a", ab= B", a= a; 


and also the formula for (a, b, c, d, e), putting therein in like manner 
(a, B, uy, 9, €), (4, B y, 0) las AV Du) 


for the combinations of (a, b, c, d, e), (a, b, c, d), (a, b, c), (a, b) and (a) respectively. 

We have 

(a, b, e, d) - Eo v De M [rn -a p J 
l+ [rm—a-—1] a [D] 
| + [rm — a — 2P 8 [D] $ 
| + [rm — a— 3} y [D 
\+ 6 [D] ) 
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[Xd (a + 1) (b +1)(c +1) | [rm — a — 1] ][«]? 
+[rm—a—2pa [D] 
| + [rm — a — 3] B’ [DP 
Uh y [D] 
+ [Zed . (a +1) (b +1) ( [rm — a — 2]? ][«P 
+ + [rm — a — 3] a” [D] | 
ud B" [Dy ) 


— [bcd (a + 1) { [rm — a — 3] y [x] 
+ a” [DJ 


Rar DA VS) ge CN ac! eye 


(a, 5, madre VDO DANDO [m-a F 
| + [rm —a—- 1] a [DJ 
| + [rm—a—2) 8 [DP 
VU al 883 [D 
+ [rm—a-—4):8 [D] 
T ARE ly 


r 


— [Xe (a+ 1)(b+1) (c+ 1) (d +1) [rm — « — 1) ] [«P 
+ EDU [D] 


| 
k 8 DF | 
| 


+ [rm — a — 4]! y [DJ | 
6 [DF 


+ [2de (a +1) (b + 1) (c -- 1) [rm — a — 2] | ][«] 
jet [rm —a—3]?a” [D] | 


| + [rm — a — 4} 8" [DP 


L L TP 
— [Xede (a + 1) (b + 1) [rm — a — 3) | ] [e]? 
3 + [rm — a — 4] a” [DJ Í 
LT B” [D ) 
+ [Zbede (a + 1) [rm — a — 4] ][x]* 
— abcde . j : ķ t 4 ; ! : - [«]”. 
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78. In all these formule there is, as before, a numerical divisor in the case of 
any equalities among the numbers a, b, c, &c. And D denotes, as before, the deficiency, 
viz. its value now is D=ļ(m—1)(m—2)—6—x; or observing that the class n is 
=m? —m—28—3x, we have D= 1 —m+ 1 + 1, or sy D=1—m+34n+4x, =1+A if 

— — nm + in + šK. 


79. It is to be observed with reference to the applicability of these formule 
within certain limits only, that the formule are the only formule which are generally 
true; thus taking the simplest case, that of a single contact a, the only algebraical 
expression for the number of the curves C" which have with a given curve Um a con- 
tact of the order a, and besides pass through the requisite number ¿r(r+3)-a of 
arbitrary points, is that given by the formula, viz. 


(a) — (a + 1) (rm — a + aD) — ax. 


Considering the curve U” and the order r of the curve C” as given, if a has 
successively the values 1, 2,... up to a limiting value of a, the formula gives the 
number of the proper curves C" which have with the given curve Um a contact of the 
required order a: beyond this limiting value the formula no longer gives the number 
of the proper curves C" which satisfy the required condition, and it thus ceases to be 
applicable; but there is no algebraic function of a which would give the number of 
the proper curves C" as well beyond as up to the foregoing limiting value of a. 


80. The formule are applicable provided only the conditions include the conditions 
of passing through a sufficient number of arbitrary points; viz. when the number of 
arbitrary points is sufficiently great, it is not possible to satisfy the conditions specially 
by means of improper curves C", being or comprising a pair of coincident curves. Thus 
to take a simple example, suppose it is required to find the number of the conies 
which touch a given curve ¢ times and besides pass through 5-—t given points: if the 
number of the given points be 4 or 3 there is no coincident line-pair through the 
given points, and therefore no coincident line-pair satisfying the given conditions; if 
the number of the given points is —2, then the line joining these points gives a 
coincident line-pair having at each of its m intersections with the given curve a special 
contact therewith, that is, having in im(m -1)(m- 2) ways three special contacts 
with the given curve; if the number of the given points is 1 or 0, then in the first 
case any line whatever through the given point, and in the second case any line 
whatever, regarded as a coincident line-pair, has m special contacts with the given 
curve; and so in general there is a certain value for the number of given points, for 
which value the conditions of contact may be satisfied by a determinate number of 
improper curves C", and for values inferior to it the conditions may be satisfied by 
infinite series of improper curves C". It is by such considerations as these that 
De Jonquières has determined the minimum value 7’ of the number of arbitrary points 
to which the conditions should relate in order that the formule may be applicable: 
I refer for his investigation and results to paragraphs XVII and XVIII of his memoir. 
I remark that in the case where the number of improper solutions is finite, the 
formula can be corrected so as to give the number of proper solutions by simply 
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subtracting the number of the improper solutions: but this is not so when the improper 
solutions are infinite in number; the mode of obtaining the approximate formula is 
here to be sought in the considerations contained in the first part of the present 
Memoir; see in particular ante, Nos. 8, 9 and 10. 


81. The expressions for (a), (a, b), &c. may be considered as functions of rm, l4-A, 
and <, and they vanish upon writing therein rm=0, A=0, «=0; they are consequently 
of the form (rm, A, <)! + (rm, A, «f + &c., and I represent by [a], [«, b], &c. the several 
terms (rm, A, x), which are the portions of (a), (a, b), &c. respectively, linear in rm, A, 
and «. The terms in question are obtained with great facility; thus, to fix the ideas, 
considering the expressions for (a, b, c, d), 


1°. To obtain the term in rm, we may at once write D —1, «=0, the expression 
is thus reduced to , 


(a+ 1) (b + 1) (c - 1) (d +1) f[rm — a]* + [rm — a — 1] a), 
and the factor in | | being — m [rm — a — 1], the coefficient of rm is 
(a+ 1) (b - 1) (c+ D) (d - 1) [2a - 1], 
which is 
— — (a 4- 1) (b 4- 1) (c L 1) (d - 1). (a + 1) (a + 2) (a + 3). 
2”. To obtain the term in A, writing rm=0, <= 0, and observing that 
[D?=A+1, [DP=(A4+1)A, [DP=(A +1)A(A—1) [Df=(A +1) A(A — 1) (A —2), 
&c. give the terms A, A, — A, + 2A, — 64, dc. respectively, the term in A is 
(a+1)(b+1)(c+1)\(d+1)f [-a—1pa. 1) A 
| + [-2a-2 8. 1 
Ae ada | 


UE 6. -2 
=(«+1)(0+1)(c+1)(d+1) ( — a(a+1l)(a+2)(a + 3)) A. 
|+8 (a+ 2)(a+3) 
|+ y (a +3) | 
+ 28 J 


3°. For the term in «, writing rm=0, D = 1, and observing that [<], [«]?, [<], [<] 
give respectively the terms <, — x, 2x, — 6x, this is 


=(-2d (a+1)(b0+1)(c+ 1) ([-2a-1P+[-2a-2P4 J. 17 e, 


+ Xcd (a 4- 1) (b — 1) ([- a- 2} + [74-3] a" J.—1 | 
| — Sved (a — 1) [-a-3} + 4". 
E abcd EL. 
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where the terms m Í ] are 


c —(a+1—a)(a+2)(a+3), (a+ 2— ga) (a+3) and —(a+3-—a””), 
that is, 
—(d+1) (a+ 2) (a+3), (c+d+2)(a+3) and —(b+c+d+3) 


respectively; whence the whole expression is 
= Xd (a+1)(0+1)(c+1)(d+1).(a+2)(a+8)) x, 
bt Scd (c+ d+2) (a+ 1)(b L 1). (a+ 3) 
k 2%bed (b +c + d + 3) (a + 1) 
— 6 abcd ) 
the expression multiplying (a +2) (a + 3) is 
(a 4- 1) (b -- 1) (c -- 1) (d - 1) Ed, — (a 4-1) (b L 1) (c- 1) (d - 1) a; 
and we have moreover 
(a 4- 1) (b -- 1) (c+ 1) (4-1) 2 (1 - a - 8 - y 8); 


the other lines are of course expressible in terms of (a, 8, y, Š), but as the law of 
their formation would then be hidden, I abstain from completing the reduction. 


82. The series of formule is 


[a] = (a+1)rm 
+(a+1)ad 
- ak, 
[a, b]=—(a+1)(0+1)(a+1) ..TI 
DOE Io Ue 
> 8 
+ { 2b(a+ DR ae 
— ab 
where a — a +b, 8=ab; and coeff. of < expressed in terms of a, 8 is =a (1 +a + 8) — B. 
[a, b, c]= (a+ 1) (b -- 1) (c - 1) (a L 1) (a + 2) TI 
EARE EG D a(a+1)(a+2)) A 
-— B (a + 2) 
“oo T 


+ bc (b + c + 2) (a+ 1) 


+ (—> c(a+1) (0+1)(c+1)(9+2) 4 
— 2abe ) 


where a=a+b+c, B=ab+ac + be y=abc; and the coefficient of < expressed in terms 
of a, B, y is = —o? — a! — ay — 3€? — af — 2a + 28 + y. 
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[a, b, c, d] =—(a+ 1) (b + 1)(c + 1) (d+ 1) (a + 1) (a + 2) (a + 3) e. TM 
— (a +1) (04+1)(c+ 1) (d 1) ( n A 
|- 8 G+2DG+3 
— y (a +3) 
| — 28 


+ (+ > d(a+1)(0+1)(c+1)(d+1)(a+2)(a + 3) ) <, 
Te E cd(c+d+2) (a+1)(0+1) (a + 3) 
+22 bed (b +c +d+83)(a +1) 
— 6 abcd 
where a=a+6+c+d,..8=abcd. 
[a, b, c, d, e] 2. (a c1) (b + 1) (c - 1) (d + 1)(e+ 1) (a 1) (a + 2) (a - 3) (a + 4) ..Tm 
nie iba bea ETENE a (z+ 1) (a--2) L 3) (a- 4)) A 
ER (a + 2) (a + 3) (a + 4) 


ce (a 4- 8) (a + 4) |. 
— 96 (a 4- 4) 
\— 6e ) 
+ (— Xe (69004008 ADOS doc Moo I0 oe e 
+ Ede (d+e+2)(a+1)(b+1l)(c+1) (a+ 3) (a 4) | 
— 9Xcde (c +d + e 4- 3) (a L 1) (b + 1) (a+ 4) | 
+ 6Xbcde (b +c + d - e + 4) (a + 1) | 
( — 24abcde | J 


where a=a+b4+c+d+e, B= &c.,... e= abcde. 


83. The complete functions (a), (a, b), (a, b, c), &c. may be expressed by means of 
the linear terms [a], [a, b], [a, b, c], &c. as follows, viz. we have 
o 


(a) = [a], 

(a, b) = [a] [6] 
+ fa, b], 

(a,b,c) =  [a][b][e] 
+ [a] [b, c] + [b] [a, c] + [e] la, b] 
+  [a, b, c], 


(a, b, c, d)= [a] [b] [c] [d] 
+ [a] [5] [c, d] 
+ X[a, b][c, d] 
+ [a] [b, c, d] 
+ [a, 5, c, d], 
30 
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and so on: this is easily verified for (a, b), and without much difficulty for (a, b, c), 
but in the succeeding cases the actual verification would be very laborious. 


84. The theoretical foundation is as follows. Writing for greater distinctness (a), 
in place of (a), we have (a), to denote the number of the curves C" which have 
with a given curve Um a contact of the order a, and which besides pass through 
br(r+3)—a points. Let the curve U” be the aggregate of two curves of the orders 
m, m respectively, or say let the curve Um be the two curves m, m, then we have 

L latar = (G)m + Ld luc, 


a functional equation, the solution of which is 


L la = [a]m 3 


where [a], is a linear function of n, m, x, or, what is the same thing, of m, A, <. 
I assume for the moment that when the coefficients are determined [a], would be 
found to have the value = [a]. 


Similarly, if (a, b), denote the number of the curves C" which have with the 
given curve U™ contacts of the orders a and b respectively, and which besides pass 
through àr(r--3)— d —b points, then if the given curve break up into the curves 
m, m', then we have 


(a, Dini q (a, Di F (a, b) F {(@)in (b)n + (aw (y>); 


where {(@)m(b)m} is the number of the curves C^ which have with m a contact of the 
order a and with m a contact of the order b, and which pass through the $r(r+3)—a—b 
points; and the like for ((a),/(b),]. Then, not universally, but for values of a and b 
which are not too great, the order of the aggregate condition is equal to the product 
of the orders of the component conditions (ante, No, 12), that is, we have 


(Am (bw) = (Ain . (b), Kn [1m Olas 
(OD (b), } = (a)w - (b). = La la [0], 
and thence the functional equation 
(a, Dari yr (a, b)n wa (a, Dan: Fj LA [b], + [a], [b]; 
But [a]m, &c. being linear functions of m, A, xk, we have 


[Alagus T [z] + [a], [e = [5], is [blw > 


and thence a particular solution of the equation is at once seen to be [a], [0], ; the 
general solution is therefore 


(a, b) = [a]. [b], HE [a, bla, 


where [«, b], is an arbitrary linear function of m, A, «. Hence, assuming for the 
present that if determined its value would be found to be =[a, b] we have the 
required formula (a, 5) = [a] [b] + [a, b]. 
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The investigation of the expression for (a, b, c), depends in like manner on the 
assumption that we have 


{(@)in (b, C)m) = (Am - (b, c)m = Lal (blm [c]: + [D, Chw}, 


and so in the succeeding cases; and we thus, within the limits in which these 
assumptions are correct, obtain the series of formule for (a, b), (a, b, c).... 


85. It is to be observed in the investigation of (a, b) that if a=b, the two 
terms [a], [b], and [a]w[b]m become equal, and the equal value must be taken not 
twice but only once, that is, the functional equation is 


(a, Q)m--m' — (a, Um "Em (a, dla US [a]. [a]; 


and the solution, writing 4 [a, a], for the arbitrary linear function, is 


(a, A)r Tz i [X] [X] ES 3 [a, ala; 


in which solution it would appear, by the determination of the arbitrary function, that 
[a, a] has the value obtained from [a, b] by writing therein dede Writing the 


equation in the form 
(a, a) - $ [a] [a] + $ [a, a], 


and comparing with the equation for (a, b) we see that [a, b] is not to be considered 
as acquiring any divisor when b is put =a, but that the divisor is introduced as a 
divisor of the whole right-hand side of the equation in virtue of the remark as to 
the divisor of the functions (a, b), (a, b, c)... in the case of any equalities between 
the numbers (a, b, c...) This is generally the case, and the foregoing expressions for 
[a, b], [a, b, c], &c. are thus to be regarded as true without modification even in the 
case of any equalities among the numbers a, b, c.... 


86. To complete according to the foregoing method the determination of the 
expressions for (a), (a, b),.., we have to determine the linear functions [a], [a, b], &c., 
which are each of them of the form fm+ygA +hx, where (f, g, h) are functions of r 
and of a, b, &c.; and I observe that the determination can be effected if we know 
the values of (a), (a, b) &c. in the cases of a unicursal curve without cusps and 
with a single cusp respectively. Thus assume that in these two cases respectively 
we have | 

(a) = (a -+ 1) (rm — a), 


(a) = (a + 1) (rm — a) — a. 
Writing first A 2 — 1, <= 0, and secondly A=—1, «=1, we have 


(a + 1) (rm — a) = fm — g, 


(a + 1) (rm — a) — a = fm — g + h, 
whence 
f=(a+1)r, g=(a+1)a, h=-a, 
30—2 
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giving the foregoing value 
[a] =(a + 1) rm + (a + 1) aÀ — ax. 


Similarly, for two contacts assume that we have in the two cases respectively 


(a, b) = (z + 1) (b + 1) [rm — a — bB, 
(a, b)= (a. -- 1) (b + 1) [rm — a — b}? — (a (b + 1) + b (a — 1)) [rm — a — b — 1]. 


Starting here from the formula [a, b]=(a, b)—[a][b]=fm+yA+hx, and writing 
successively A = — 1, x =0, and A = — 1, x= 1, we have 


(a+ 1) (b -- 1) [rm — a — bP — ((a+1) (rm—a) ((0+1)(rm—b) — fm — g, 
(a+ 1) (b -- 1) [rm — a — b? — (a (b + 1) + b (a + 1)) [rm—a —b —1] 
— ((a +1) (rm — a) — a} ((b + 1) (rm — b) b} 2 fm —g +h; 


the first of which, putting therein a+b=a, ab = B, is at once reduced to 


(a+ 1) (b + 1) (rm (— a — 1) + a (a + 1) — 8] = fm — g, 


whence f= —(a + 1) (Ó + 1) (z +1)”, g— —(a +1)( +1)(a (a+ 1) — 8). And taking the 
difference of the two equations, we hav? 
— (a (b + 1) + b (a + 1)) (rm — a — b — 1) 


+ a (b + 1) (rm — b) + b (a +1) (rm — a) — ab = h, 


that is h —(a 4- 1) (b-- 1) (a --b) — ab; whence [a, b]-has the value above assigned to it. 


87. The actual calculation of [a, b, c] would be laborious, and that of the 
subsequent terms still more so; but it is clear that the principle applies, and that 
the foregoing values, assuming them to be correct, would be obtained if only we know, 


for a unicursal curve without cusps, that 
(a, b, c,..) 2 (a + 1) (b + 1) (c - 1)...[rm — (a + b + c, . .)]' 


(t the number of contacts a, b, c,...), and for a unicursal curve with a single cusp, 


that 
(a, b, c.. )= (a+ 1)(0+1)(c+1)...[rm-—(a+b+c...) T 


—*2%a(b+1)(c+1)...[rm-—(a+b+c...) — 1], 
viz. that the diminution of (a, b, c,...) occasioned by the single cusp is 


= [rm — (a 4- b 4 c, ...) 1]? . X (a (b L 1) (c +1) ...). 
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88. Consider a unicursal curve Um, and a curve C” having therewith ¢ contacts 
of the orders a, b, c,... respectively. The coordinates (x, y, z) of any point of the 
unicursal curve are given as functions of the order m of a variable parameter 6; 
and substituting these values in the equation of the curve C", we have an equation 
of the degree rm in 6, but containing the coefficients of C" linearly; this equation 
gives of course the values of @ which correspond to the rm intersections of the two 
curves. Hence in order that the curve C" may have the prescribed contacts with U”, 
the equation of the degree rm in 60 must have ¢ systems of equal roots, viz a 
system of a equal roots, another system of b-equal roots, &c.: this implies between 
the coefficients of the equation an (a+b+c...)fold relation, which may be shown to 
be of the order (a+1)(b+1)(c+1)...[rm—(a+b+c...)]'; and since the coefficients 
in question are linear in regard to the coefficients in the equation of the curve C", 
the order of the relation between the last-mentioned coefficients has the same value; 
that is, the number of the curves C" which have the prescribed contacts with the 
unicursal curve U™ and besides pass through the requisite number of given points, is 
— (a 4- 1) (b -- 1) (c - 1) ... [rm — (a +b +c ...)]. 


89. The reduction in the case of a cusp appears to be caused as follows:— 
Consider on the curve U” a points indefinitely near to the cusp, and let the condition 
of the curve C" having the contact of the a-th order be replaced by the condition 
of passing through the a points; that is, consider the curves C” which have with the 
curve U” (£— 1) contacts of the orders b, c,... respectively, which pass through the a 
points on the curve U™ in the neighbourhood of the cusp, and which also pass 
through the requisite number of arbitrary points. The number of these curves is 
=(b+1)(c+1)...[rm—a—(b+e+..)|* (the term rm —« instead of rm, on account 
of the given a points on the curve: compare herewith De Jonquières’ formula con- 
taining "m — p) Each of these curves, in that it passes through « points in the 


neighbourhood of the cusp, will ipso facto pass through a+1 points (viz. a curve 
which simply passes through the cusp of a cuspidal curve meets the cuspidal curve 
there in two points, a curve which touches the cuspidal tangent meets the curve in 
three points, &c.) and be consequently, in an improper sense, a curve having a contact 
of the a-th order with the given curve U”. I assume that it counts as such curve 
a times, and this being so, we have, on account of the curves in question, a reduction 
—a(b--1)(c4 1)...[rm — (a +b c...))^7. We have in like manner for the curves 
passing through b points in the neighbourhood of the cusp a reduction =b (a 4- 1) (c + 1)... 
[rm — (a +b - c:..))7, Šc., and hence when the given unicursal curve U” has a cusp, 
the total reduction on account of the cusp in the number of the curves C” which have 
with the given curve the t contacts of the orders a, b, c,... and besides pass through 
the requisite number of given points, is 


— |a (b 4- 1) (c - 1) ... cb (a. 4- 1) (c +1)+ &e} [rm — (a + b o c ...)]'7, 


which is the auxiliary theorem in question; some of the steps require however to be 
more completely made out. 


90. I have calculated the following numerical results, wherein, as before, 
A=D-1=-—m+3¿n+3x. I find also their values in the case where the curve C” 


www.rcin.org.pl 


238 ON THE CURVES WHICH SATISFY GIVEN CONDITIONS. [406 


is a conic (that is r—2) first in terms of m, n, «, and finally in terms of m, m, a 
(a=3n + x, as above). The results are 


for r=2, that is, curve C" a conic. 


[1]= 2rm + 2A = k| = 2m + n | = 2m + n 


[2]= 3rm+ DA — 2k | = 3n + K RE a 

[3]= Arm + 12A — By | =- 4m + 6n + Bk run 4m — 3n+ ša 

[4] = 5rm + 20A — Ak | =- 10m + 10n + 6k | =- 10m- 8n+ 6a 

[5]= 6rm + 30A — bk | =- 18m + l5n+ 10k . =- 18m- 15n+ 10a 

H, == ` 12m - 20A + Tk»; = - 4m — 10n — 3k =S 4m — n- 3a 

[1, 2]=- 24rm- 60A + 16k = 12m — 30n— E | = 12m + 12n- 14a 

[1, 3]= - 40rm — 136A+ 2%. = 56m — 68n — 39k | = 56m + 49n — 39a 

[1, 4]= - 60rm- 260A+ 46x | = 140m- 130n- 84k = 140m+  122n- 84a 
[2,2]=-  45rn- 1444+ 32k = 54m — 72n- | 40k | = 54m + 48n- 40a 
(2,3]= - Tarm- 2884+ GRE ie a, MES O ddd monet Ls Oben GT 296) GI 1:909 

[1, 1, B 160rm4+ 352A- 98k aS T 32m+  176n+ 78 | =-  32m- 58n+ 78a 
hi el 360rm+ 1056A- 240k! =- 336m+ 528n+ 288x | =- 336m- 336n+ 288a 
[151,8] 672rm+ 2528A- 478k | =- 1184m+ 1264n+  780« | = — 1184m- 1094n+ 786a 
[1, 2, 2]= T56rm+ 2700A+ 530k: =- 1188m+ 1350n+ 820k | =- 1188m- 1110n+ 820a 
[1, 1,1, 1]=- 3360r1m- 8928A+ 2106x | = 2208m - 4464n- 2358x | = 2208m+ 2610n- 2358a 
[1, 1, 1, 2]= - 8064rm- 26784A+ 5376k * = 10656m- 13392n- 8016x | =  10656m-- 10656n-— 8016a 
[1, 1, 1,1, 1]- 96768rm--296448A — 61464x = — 102912m + 148224n + 86760x Tur. 10912m — 1120561 + 867604 


(It may be noticed as a curious circumstance that in the last column in the 
expressions of [2], [1, 2], [1, 1, 2] and [1, 1, 1, 2] respectively, the coefficients of m 
and n are in each case equal.) á 

91. In the case of the conic, (1), (2), &c. are the expressions denoted in the 
former part of this Memoir by (1 ::), (2 .:.), &c., the number of points being in each 
case such as to make in all five conditions; calculating these functions by means of 
the formule (a)= [a], &c., the comparison of the resulting values with the values 
previously obtained will show d posteriori the limits within which the formule are 
applicable; where they cease to be applicable I find the difference, and annex it as 
a correction to the formula value: I have in some cases given what seems to be the 
proper theoretical form of this difference. We have 


(less) = 2n+ mj 

E) = a; 

(3 :) =— 4m-— 3n+ 3a; 

(4 -) = — l0m— 8n+ Ga; 

(5) = — 18m — l5n + 10a — [~ 3m + a] (=-—[:)): 
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2 ME, TL EU = (2m+n) 
— 4m —n-—3a; 
(210) = (2m+n)a 
+ 12m + 12n — 14a; 
(1, 3.) = (2m+n)(— 4m — 3n + 3a) 
+ 56m + 49n — 392; 
(1, 4) = (2m + n) (— 10m — 8n + 6a) 


+ 140m + 122n — 84a 
— [(m — 3) (— 12m — 6n + 6a)] (= — [(m — 3) (dv + 2«)]) ; 


2I ZEE. - af 
+ 54m + 48n — 40a ; 
(2, 3) = a(—4m— 3n + Ba) 


+ 144m + 126n — 90a 
— [24m + 6n + (n —12)a] (=-—[6r+(n-—3) x]); 


646LLĻT) „= (3m Fa" 
+ 3 (2m + n) (— 4m—n-— 3a) 
— 32m — 58n + 78a 
— [4m (m — 1) (m — 2)] ; 
2(2,1,1-) = (2m+nYa 
+ 2 (2m +n) (12m + 12n — 14a) + a (— 4m — n — 3a) 
— 336m — 336n + 288a 
— [2a (m — 2) (m — 3)] (= — [6n (m — 2) (m — 3) + 2« (m — 2) (m — 3))) ; 


2 (8, 1, 1) =  (2m-ny(—4m — 3n + 3a) 
+ 2 (2m + n) (56m + 49n — 392) 
+ (— 4m — n — 3a) (— 4m — 3n + 3a) 
— 1184m — 1094n + 786a 
— [— 13m? — 8m*n + 4mn? + 131m? + 92 imn — 85? — 316m — 2261] ; 
Ë a (9n? — 87m — 3n + 204) | 
2 (2,.2, 1) = (2m + m) a° (= — ó (2n + 10m — 38)7 ) 
+ 2a (12m + 122 — 14a) + « (3m? — 19m + 30) | 
+ (2m + n) (54m + 48n — 402) + + (6m? — 41m + 69) | 
— 1188m — 1110n — 8204 L+ T(8m — 32) | 
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— [ 6022 + 42m — 252m — 174n] (2 — p (m —4)(x*—x) 7); 
+ a (— 40m + 166) + 6(m —4)(u el 
+ o (m — 4) | +18 m — 4) 7 | 
L+ (m—3) (4 + s 


24 (1, 1, 1, 1.)= (2m + ny 
+ 6 (2m + ny (— 4m — n — Ba) 
+ 89 (— 4m — n — 3a} 
+ 4 (2m + n) (— 32m — 58n + 18a) 
+ 2208m + 2610n — 2358a 
— 14m (m — 1) (m — 2) (m — 3) 
+ 16n (m + 2) (m — 2) (m — 3) 
— 36a (m — 2) (m —3) 
(= — [(m — 2) (m — 3) (14m? + 16mn — 14m — 76n — 36x)]) ; 


6 (2, 1, 1,.1) = (2m +ny a 

+ 3 (2m + ny (12m + 12n — 14a) 

+ 3 (2m + n) a (— 4m — n —3a) 

+ 3 (2m + n) (-- 336m — 336n + 288a) 

+ a (— 32m — 58n + 78a) 

+ 3 (— 4m — n — 3a) (12m + 12n — 14a) 

+ 10656m + 10656n — 8016a 7 

— 108m? + 108m?n — 111622 — 1116mn + 2736m + 2736n] ; 
+ z (Tn? + 6m?n — 147m? — 30mn + 1040m + 24m — 2256) 
+ à? (— 9m +36), 


where the correction is 


= —(m — 4) 108m? + 108mn — 684m —684n À, 


I 
9a? | 


= — (m — 4) 


^ (7m? — 119m + 564 + 6n (m — 1)) x 
| 26 (21n — 36) 


Ņ 
+ 27 (18m — 126) | 
+ x(7m*+ 6mn — 65m — 13n + 165) — 9 (x — x) | 
+ ¿(+16n—96) | 
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120 (1,1,1,1,1)=  (2m+n) 
+ 10 (2m + ny (— 4m — n — 3a) 
+ 10 (2m + ny (— 32m — 58n + 782) 
+ 10 (— 4m — n — 3a) (— 32m — 58n + 78a) 
+ 5(2m + n) (2208m + 2610» — 23584) 
+ 15 (2m + n) (— 4m — n — 3a} 
— 102912m — 112056» + 867 60a 
— í 3limM+  70mtmn+ 40m?m); 
—  310m*'—-  460m?n — 120m?n? 
—  235m?— 1030m*n — 400m n? 
+ 10690m?+ 16060mn +960 m? 
| + (—  210m*-180men) 
| |+ 2970m? + 900mn 
| | = 15630m —720n 
| + 28440 
La a? (135m — 540), 


where the correction is 
=—(m—4)( 31m*—186m*—979m*+6774m ), 
+ n (70m? — 180m? — 1750m + 9060) | 
+ 40n? (m + 3) (m — 2) 
+ a /— 210m? + 2130m — 7110 
š 180n (m — 1) 
e 02.135, ) 
which is 
= — (m — 4) (31(26+3x) +110 (28 + 3x) (27 + 31) 
+ (42m? +1142m +3174 )( «— 0 
+ (—14m — 638n — 1524 )(26+ 3x) 
+ (— 390m + 110n + 4272 )(27 -- 31) 
+ (— 210m? — 180mn + 2130m + 990n — 7110) « + 135x* 


but I have not sought. to further reduce this expression, not knowing the proper form 
in which to present it, 


92. The guestion which ought now to be considered is to determine the corrections 
or supplements which should be applied to the foregoing expressions (a), (a, b) &c., or 
to their equivalents [a], [a] [b] + [a, b], &c. in order to obtain formule for the cases 

C. VI. 81 
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beyond the limits within which the present formule are applicable; but this 1 am not 
in a position to enter upon. If the extended formule were obtained, it would of 
course be an interesting verification or application of them to deduce from them the 
complete series of expressions (1::) (2.'.)...(1, 1, 1, 1, 1) for the number of the conics 
which satisfy given conditions of contact with a given curve, and besides pass through 
the requisite number of given points. It will be recollected that throughout these last 
investigations, I have put De Jonquière? p=0; that is, I have not considered the case 
of the curves C” which (among the conditions satisfied by them) have with the curve 
Um contacts of given orders at given points of the curve; it is probable that the 
general formule containing the number p admit of extensions and transformations 
analogous to the formule in which p is put =0, but this is a question which I have 
not considered. 


93. The set of equations (a) = [a], (a, O) = [a] [^] + [a, b], &e., considered irrespectively 
of the meaning of the symbols contained therein, gives rise to an analytical question 
which is considered in Annex No. 7. 


The question of the conics satisfying given conditions of contact is considered from 
a different point of view in my Second Memoir above referred to. 


Annex No. 1 (referred to in the notice of DE JoNQUIERES’ memoir of 1861).— On the 


form of the equation of the curves of a series of given index. 


To obtain the general form of the equation of the curves C" of a series of the 
index JV, it is to be observed that the equation of any such curve is always included in 
an equation of the order n in the coordinates, containing linearly and homogeneously 
certain parameters a, b, c,..; this is universally the case, as we may, if we please, take 
the parameters (m, b, c,..) to be the coefficients of the general equation of the order n; 
but it is convenient to make use of any linear relations between these coefficients so 
as to reduce as far as possible the number of the parameters. Assume that the 
number of the parameters is = e--1, then in order that the curve should form a 
series (that is, satisfy jm (m+ 3)—1 conditions) we must have a (w — 1) fold relation 
between the parameters, or, what is the same thing, taking the parameters to be the 
coordinates of a point in «-dimensional space, say the parametric point, the point in 
question must be situate on a (w — 1) fold locus. Moreover, the condition that the curve 
shall pass through a given point establishes between the parameters a linear relation 
(viz. that expressed by the original equation of the curve regarding the coordinates 
therein as belonging to the given point, and therefore as constants); that is, when the 
curve passes through a given point, the corresponding positions of the parametric point 
are given as the intersections of the (cw — l)fold locus by an omal onefold locus; the 
number of the curves is therefore equal to the number of these intersections, that is, to 
the order of the (wv — 1)fold locus; or the index of the series being assumed to be = N, 
the order of the (w—1) fold locus must be also = N. That is, the general form of the 
equation of the curves C" which form a series of the index N, is that of an equation 
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of the order x containing linearly and homogeneously the o +1 coordinates of a certain 
(w—1)fold locus of the order N. It is only in a particular case, viz. that in which 
the (w—1) fold locus is unicursal, that the coordinates of a point of this locus can 
be expressed as rational and integral functions of the order N of a variable para- 
meter 0; and consequently only in this same case that the equation of the curves 
C" of the series of the index V can be expressed by an equation (*Wz, y, 2)” = 0, 
or (*Ģx, y, 1)” = 0, rational and integral of the degree M in regard to a variable 
parameter 0. 

If in the general case we regard the coordinates of the parametric point as 
irrational functions of a variable parameter 6, then rationalising in regard to 0, we 
obtain an equation rational of the order N in 6, but the order in thé coordinates 
instead of being =n, is equal to a multiple of n, say qn. Such an equation represents 
not a single curve but q distinct, curves C", and it is to be observed that if we 
determine the parameter by substituting therein for the coordinates their values at a 
given point, then to each of the N values of the parameter there corresponds a system 


of g curves, only one of which passes through the given point, the other g—1 curves 
are curves not passing through the given point, and having no proper connexion with 
the curves which satisfy this condition. 


Returning to the proper representation of the series by means of an equation con- 
taining the coordinates of the parametric point, say an equation («§a, y, l)" = 0, 
involving the two coordinates (z, y), it is to be noticed that forming the derived equation 
and eliminating the coordinates of the parametric point, we obtain an equation rational 
in the coordinates (z, y), and also rational of the degree N in the differential coefficient 
dy. . ‘ : 

X ; in fact since the number of curves through any given point (xy, y) is = N, the 
differential equation must give this number of directions of passage from the point 


(X, yo) to a consecutive point, that is, it must give this number of values of rā and 


must conseguently be of the order W in this guantity. 


Conversely, if a given differential equation rational in x, y, L and of the degree 
N in the last-mentioned quantity E , admit of an algebraical general integral, the 
curves represented by this integral equation may be taken to be irreducible curves, 
and this being so they will be curves of a certain order n forming a series of the 
index N; whence the general integral (assumed to be algebraical) is given by an equation 
of the above-mentioned form, viz. an equation rational of a certain order n in the 
coordinates, and containing linearly and homogeneously the w+1 coordinates of a 
variable parametric point situate on an (o—1) fold locus. The integral equation 
expressed in the more usual form of an equation rational of the order N in regard to 
the parameter or constant of integration, will be in regard to the coordinates of an 
order equal to a multiple of x, say =qn, and for any given value of the parameter 
will represent not a single curve C", but a system of q such curves: the first- 
mentioned form is, it is clear, the one to be preferred. 


31—2 
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Annex No. 2 (referred to, No. 17).—On the line-pairs which pass through three given 


points and touch a given conic. 


Taking the given points to be the angles of the triangle formed by the lines 
(z = 0, y = 0, z= 0), we have to find (f, y, h) such that the conic (0, 0, 0, f, g, hÚ z, y, z} =0, 
or, what is the same thing, fyz + gzx + hey = 0, shall reduce itself to a line-pair, and shall 
touch a given conic (1, 1, 1, A, a, vio, y, 2? —0. The condition for a line-pair is that 
one of the quantities f, g, h shall vanish, viz. it is /gh =0; the condition for the contact 
of the two conies is found in the usual manner by equating to zero the discriminant of 
the function 1 — (X + Of  — (u + 09 — (v + Oh)? + 2 (N + 0f Xu + 0g) (v + 0h) = (a, b, c, d 0, 1y 
suppose; the values of a, b, c, d being 


a= 2fgh, 
b=—+(f*+g+ — 2gh — 2uhf — 2vfg), 
c= $((uv — X) f  (& — 1) g + Qus — v) b), 
d= 1—X-—yu -—p»-42Xpv. 
Hence considering (f, g, h) as the coordinates of the parametric point, we have the 
discriminant-locus æ = 0, and the contact-locus 
ad? + 4ac? + 4b*d — 3b?c? — babed = 0, 


and at the intersection of the two luci, a=0, b*(40d—3c*) 20, equations breaking up 
into the system (a = 0, b= 0) twice, and the system a=0, 40d — 3c —0; the former of 
these is 

Jgh =0, f*- gh --h?—92Xgh — 2uhf — 2vfg = 0, 


which expresses that the intersection of the two lines of the line-pair intersect on the 
given conic; in fact the system is satisfied by f=0, g*-- À? — 2Agh = 0, giving a line-pair 
& (hy + gz) = 0, the two lines whereof intersect on the conic (1, 1, 1, A, a, viz, y, 2? =0; 
and similarly, if g —0, then /?--f? —2uhf=0, or if h=0, then f?--g*—2AXfg = 0. As 
noticed above this system occurs twice. 


The second system is 
Jgh = 0, (P + 9 +h? — 2xgh — 2uhf — 2vfg) (1 — X: — p? — 1? + 2Xuv) 
+ ((uv — M). + (v& — n) g + (u) — v) h)° = 0, 
or, as the second equation may also be written, 
FU) (1) +g (1) (10) +12 (1—1) (1 — pē) 
+ 2gh (1 — A) (uv — A) + 2hf (1 — wp?) (v& — pu) + 249 (1 — 9) (X — v) = 0, 


which expresses that a line of the line-pair touches the conic; in fact the system is 
satisfied by f=0, g*(1 — 2) + k (1 — p?) + 29h (uv — X) = 0, viz. we have here the line-pair 
2 (hy + gz) = 0, in which the line hy 4- g2 2 0 touches the conic (1, 1, 1, X, u, výz, y, 2? = 0 
and the like if g — 0, or if h — 0. This system it has been seen occurs only once. 
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Annex No. 3 (referred to, No. 22).—0On the conics which pass through two given points 
and touch a given conic. 


Consider the conics which pass through two given points and touch a given conic. 
We may take Z=0 as the equation of the line through the two given points, and 
then taking the pole of this line in regard to the given conic and joining it with the 
two given points respectively, the equations of the joining lines may be taken to be 
X=0 and Y=0 respectively. This being so, we have for the given points (X 20, Z=0) 
and (Y 20, Z=0) respectively, and for the given conic 


aX*+ bY* + 2. XY + c2? = 0; 


and since the required conie is to pass through the two given points its equation will 


be of the form 
` wX*+2xYZ + 2yZX - 22X Y = 0, 


where (x, y, z, w) are variable parameters which must satisfy a single condition in order 
that the last-mentioned conic may touch the given conic. The condition is at once 
seen to be that obtained by making the equation 
(a + Mw) bc 
— (a+ Mu) (h + Xz)° | 
— by 
— cuz? | 
+ Way (h + Az) = 0, 
considered as a cubic equation in A, have a pair of equal roots; or if we write 
A — 3c (ab — h’), 
B = (ab — R?) w — 2chz, 
U = — as? — by — cz + 2h (xy — zw), 
D = 32 (2ay — wz), 
then the required condition is 


A?*D? + 4AC* + 4B3D-GABCD — 3B°C? = 0. 
Hence the conic 
wX*+2xYZ + 2yZX + 2zX Y = 0 


satisfies the prescribed conditions, if only the parameters (x, y, z, w) satisfy the last- 
mentioned equation, that is, if (x, y, z, w) are the coordinates of a point on the sextic 
surface represented by this equation. 


The surface has upon it a cuspidal curve the equations whereof are 
| di: AN 
pue A | 
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this may be considered as the intersection of the quadric surface AC — B*=0 and the 
cubic surface AD— BC = 0; and the cuspidal curve is consequently a sextic. 


The surface has also a nodal curve made up of two conics; to prove this I write for 


shortness £=) —Vab, k,= h+Wab; the values of A, B, C, D then are 
A = — 3ckk,, 
B = — kk,w — 2chz, 
= — an? — by? — c? + 2h (xy — zw), 
D= 3z(2ay—2w); 


and it is in the first place to be shown that the surface contains the conic 


a:y:2:w=0Nb:0Va:1:-k8+z, 


where @ is a variable parameter. Substituting these values, we have 
A = 3ckk, , 
B = Fk,6* — c(3h + Vab), 


C = 2kk, 0: — zh- Val), 


C . 
D=3 (1-2); 
and hence t5 
AD — BC- — 9k L ie vey 
Fa a (uses +291 T 
k 
0 we (h e: "n. Ca 


values which satisfy identically the equation of the surface written under the form 
(AD — BCF - 4 (AC — B)(BD —C?) «0. 
Moreover, proceeding to form the derived equation, and to substitute therein the fore- 
going values of (x, y, z, w), we have 
04 :0B : 0€ : 0D 0: Z 2: 8, 
and then the derived equation is 
(AD — BC)( 34 — 2k B — kC) 
—2(AC — P )( 3B—4k C + FD) 
— 2(BD-C* ) (2kA — 2k*B )= 0, 
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that is, 
—k( 3A —2kB — ke C) 
+ k*( 3B — 4kC + ID) 
+ (2kA —2k*B), 

or finally 


—k(A — 3Bk + 3k*C — kD) =0, 


which is satisfied by the foregoing values of A, B, C, D; hence the conie is a nodal 


eurve on the sextie; and by merely changing the sign of one of the radicals Va, Vb (and 
therefore interchanging k, k,) we obtain another conie which is also a nodal curve on 
the surface, that is, we have as nodal curves the two conics 


í , e 
|ory:2:w=ONb: OVā:1:—kB47, and 
PROS :w=0Nb :—0Na:l1l: -d +. 


It is to be remarked that each of the nodal conies meets the cuspidal curve in two 


points, viz. writing for shortness O =; pe. O, = E id , for the intersec- 
tions of the first conic we have 

e:y:2:w=0W9J: evb:1:; and s WV eW m y. 
and for the intersections with the second conic 

2:9y:2:w—8,a : —0,Vb: 1: Z and =—@,Va : eb :1:;. 


The «condition of passing through any arbitrary point establishes a linear relation 
between the parameters (z, y, z, w). Hence, if the conic in addition to the prescribed 
conditions passes through two other given points, the point (x, y, 2, w) is given as the 
intersection of a line with the sextic surface; the number of intersections is — 6. If 
(z, y, z, w) is situate on the cuspidal curve, then the conic instead of simply touching 
the given conic will have with it a contact of the second order, and if we besides 
suppose that the conic passes through a given point, then the point (x, y, z, w) is given 
as the intersection of the cuspidal curve with a plane; the number is —6. Similarly, if 
the conie has two contacts with the given conie, and besides passes through a given point, 
then the point (z, y, z, w) is given as the intersection of the nodal curve by a plane; 
the number is =4 Finally (observing that in the case in question of the contacts 
of a conie with a conie we cannot have three simple contacts, or a simple contact and 
one of the second order) a point of intersection of the nodal and cuspidal curves 
answers to a contact of the third order; and the number is — 4. That is, the theory 
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of the sextic surface leads to the following values (agreeing with those obtained from 
the formule by writing therein m —n- 2, a= 6), viz. 


(1: =6, = 2m +n, 

(1, 1 «)=4, = 2m?-2mn + in” -— 2m — 1 — 3a, 
(Q2:),=0:>= a, 

(3 :) =4 =— 4m — 3n + 3a. 


I remark that the section by an arbitrary plane is a sextic curve having 6 cusps and 
4 nodes; it is therefore a unicursal sextic; this suggests the theorem that the sextic 
surface is also unicursal, viz. that the coordinates are expressible rationally in terms of 
two parameters; I have found that this is in fact the case. In doing this there is 
no loss of generality in supposing that a=b=c=1; and assuming that this is so, 
and putting also —1+h»h=k, 1+h=h,, and therefore 2h=k+k,, we have 


A =-—3kk,, 
B =-— kk,w — (k + k) z, 
= —2 — Y — 2 + (k + k) (ay — zw), 
D = 32(2xy — zw). 
The equation of the sextic surface being, as before, 
AD? + 4AC* + 4B'D—3B*0*—6ABCD=0, 


I say that this equation is satisfied on writing therein 
2 ° 
UM a (1 — ka) sin $, 
1 


x—y= Tc (1+k a) cos $, 
z rs. 
wo = (2a — i) cos? $ + (2a — Ñ sin? $, 
where (a, $) are arbitrary. In fact these values give 
1A = — kk, cos? $ — kk, sin? $, 
B ——k(2ak, +1) cos $ — k, (2ak + 1) sin? $, 
=—k( ak, + 2)cos ó kia ( ak + 2) sin? $, 
1D = — ko? cos? $ — k, a? sin? ó$, 
whence, w being arbitrary, we have 
3(4, B, C, Dijo, 1” 
= — [k cos? $ (kw +1) + kisin? $ (ko + 1)] (o + ay, 
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viz. the equation (A, B, C, Dýw, 1) =0, considered as a cubic equation in w, has the 
twofold root e = —a, that is, we have the above relation between (A, B, C, D). Whence 


1— x 


also writing sin $= the equation of the surface is satisfied by 


Qn 
1+22? 
the values 


2+Y:2—Y:z: =p - 2 0 — ka) (1 +2) 


4 ZA is) (1— v4) 
(1 +22): 
(2a de 3 (1 MSR + E K Ñ An2, 


or the coordinates are expressed rationally in terms of a, X. 


Annex No. 4 (referred to, Nos. 22 and 71).—On the Comics which touch a cuspidal cubic. 


In the cuspidal cubic, if x=0 be the equation of the tangent at the cusp, y=0 
that of the line joining the cusp with the inflexion, and z=0 that of the tangent at 
the cusp, then the equation of the curve is y?=a*z; the coordinates of a point on the 
cubic are given by æ : y : z=1: 0 : @, where @ is a variable parameter; and we have, 
at the cusp (=, at the inflexion 0—0. In the cubic, m=n=3, a(=3n + x)=10. 


Considering now the conic 


(a, b, c, f, g, hijo, y, 2=0, 


this meets the cubic in the 6 points the parameters of which are determined by the 
equation 

(a, b, c, f, g, R91, 0, 0? — 0, 
or, what is the same thing, 

(c, 0, 2f, 2g, b, 2h, a0, 15 — 0. 


The discriminant of this sextic function contains the factor c, hence equating the 
residual factor to zero, we obtain the equation of the contact-locus in the form 


(c, K 9; b, h, ay = 0). 


It follows that the number of the conics (1::) is =9, which agrees with the general 
value (1::)=2m>+m. If the conie pass through the cusp we have c= 0, and the equation 
in 0 is reduced to a quartic; it is convenient to alter the letters in such wise that 
the quartic equation may be obtained in the standard form (a, b, c, d, e¥@, 1)—0; 
viz. this will be the case if the equation of the conie is taken to be 


(e, 6c, 0, 4a, 2b, 2d jv, y, 2? = 0, 
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and we then obtain the equation of the contact-locus in the form 

(ae — 4bd + 3c?) — 27 (ace + 2bcd — ad? — ble — c*) = 0, 
which is a onefold locus of the order 6. It follows that we have 

(1x1, 1..)=6, agreeing with (1x1, 1..)=n+2m—3. 


The condition in order that the conic may touch a given line is given by an 
equation of the form 
(* fa”, ab, b, 2ce — 3d*, ae — 8bd, ad — 12bcy = 0, 
which is a onefold locus of the order 2; it at once follows that we have 
(1x1, 1 :/) = 12, agreeing with (1xl, 1 :/)= 2n + 4m — 6. 
It is a matter of some difficulty to show that we have 
(Ixl, 1 -//) = 18, agreeing with (l«l, 1 + //) =d + 4m — 6 ; 
but I proceed to effect this, first remarking that I do not attempt to prove the 


remaining case 


(1x1, 1///) =15, agreeing with (1x1, 1 ///)= 4n + 2m — 3. 
Investigation of the value (1x1, 1. //)=18: 


We have the sextic locus 
(ae — 4bd + 3c)? — 27 (ace + 2bcd — ad? — be — y. = 0, 
and combined therewith two quadric loci, 
(* Ya?, ab, b*, 2ce— 3d, ae — 8bd, ad — 12bcy = 0, 
(* a, ab, b?, 2ce—3d?, ae — Sbd, ad — 12bcy = 0, 


which intersect in a threefold locus of the order 24; it is to be shown that this 
contains as part of itself the quadric threefold locus (a=0, b=0, 2ce—3d?=0) taken 
three times, leaving a residual locus of the order 24 — 6, = 18. 


We may imagine the coordinates a, b, c, d, e expressed as linear functions of any 
four coordinates, and so reduce the problem from a problem in 4-dimensional space to 
one in ordinary 3-dimensional space. We have thus a sextic surface, and two quadric 
surfaces; the sextic is a developable surface or torse, having for one of its generating 
lines the line a= 0, b=0, and for the tangent plane along this line the plane a —0; 
the two quadric surfaces meet in a quartic curve passing through the two points 
(a= 0, b —0, 3ce — 2d* = 0), which are points on the torse; it is to be shown that each 
of these points counts three times among the intersections of the torse with the quartic 
curve, the number of the remaining intersections being therefore 24 — 6, = 18; and in order 
thereto it is to be shown that each of the points in question (a = 0, b — 0, 3ce — 2d? = 0) 
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is situate on the nodal line of the torse, and that the quartic curve touches there the 
sheet which is not touched by the tangent plane a=0; for this being so the quartic 
eurve touching one sheet and simply meeting the other sheet meets the torse in three 
consecutive points, or the two points of intersection count each of them three times. 


The torse has the cuspidal line 
S = ae — 4bd + 3c? 20, T=ace + 2bcd — ad? — be — c = 0, 
and the nodal line / 
| 6 (ac— b), 3(ad — bc), ae-- 2bd —3c, 3(be—cd), 6(ce— d?) 


a ° b M c : d . e 


and the equations of the nodal line are satisfied by the values (a=0, b —0, 3ce — 2d* = 0) 
of the coordinates of the points in question. To find the tangent planes at these 
points, starting from the equation $S*— 277? — 0 of the torse, taking (A, B, C, D, E) 
as current coordinates, and writing 


a Ada + DO, + Co. + Doa + Kae, 


then the equation of the tangent plane is in the first instance given in the form 
SS — 18T9T = 0, which writing therein (a = 0, b — 0, 3ce — 2d? — 0) assumes, as it should 
do, the form 0-0; the left-hand side is in fact found to be 96 (3ce— 2d?) A. 
Proceeding to the second derived equation, this is S*0*S + 28 (0S) — 18T0*T — 18 (dT)? = 0, 
or substituting the values of the several terms, the equation is 
9c (AE — 4BD + 3C*) 
+ 3(e4-4dB + 6cC) 
+ 188 {e(AC — B>) + 2d (BC — AD) +c (AE +2BD-— 3€?) 
— 9 ((ce—d*) A +2cdB — 390 —0; 
the terms in BC, BD, C? vanish identically, that in B? is (48 —36 —)12cd? — 18c'e, 
= — 6c? (3ce — 2d?) B?, which also vanishes; hence there remain only the terms divisible 
by A, giving first the tangent plane 4 — O0, and secondly the other tangent plane, 
A(— Dee + 18cd*e — 9d*) 
+ B(— 60c*de + 36cd*) 
L UL  108c%e — 54c*d) 
+ D(- 36604) 
+ E.27c* = (). 


Taking the eguations of the guadric surfaces to be 
(X, p, v, p, c, T Ya, b, ab, 3ce— 2d*, ae — 8bd, ad — 12bc) = 0, 


(A, pr, ”, p» o”, TÚ > » » » )=0, 
32—2 
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the equations of the tangent planes are 
p (3cE + 3eC — 4dD) +0 (eA — 8dB) + T (dA — 12cB) = 0, 
p L » )+a' ( E )+ r ( > )= 0, 


in all which equations we have 3ce—2d?=0; and if to satisfy this equation we write 
c:d:e=2: 38 : 38°, then the equations of the tangent planes become 


B (AB — 8B) -- 8 (3C8: — 4D8 + 2E) = 0, 
p (3CB* — 4D8 +2E) - (eB + 1) (AB — SB) = 0, 
p ( > )+ (8 — r) ( > y= 0; 


or the three tangent planes intersect in the line 48-8B=0, 3C8*-4D8+2E=0, 
which completes the proof. 


Reverting to the sextic locus, 
(ae + 4bd — 3c? — 27 (ace + 2bcd — ad? — be — c?y = 0, 


considered as a locus in 4-dimensional space depending on the five coordinates 
(a, b, c, d, e), this has upon it the twofold locus 


ae — Abd + 3c = 0, ace + 2bcd — ad? — b?e — cd = 0, 
say the cuspidal locus, of the order 6, and the twofold locus 
i 6(ac— b), 3(ad —bc), ae--2bd —3c, 3(be—cd), 6(ce—d?) |= 9, 
a L b A C z d M e | 
say the nodal locus, of the order 4: there is also a threefold locus, 
a, 5, 6, d mo. 
B ow, ey 


say the supercuspidal locus, of the order 4. We thence at once infer 

(1x1, 2 :)=6, agreeing with (1«1l, 2 :)=a—4, 

(1x1, 1, 1:) 24, D » (xl, 1, 1:) = 2m2 + 2mn + dn? — 8m — in + 13 — $a, 

(11,3 )=4  , » («1,3  :)=-4m-3n-5+3a; 
but I have not investigated the application to the symbols with -/ or //. 

If the conic, instead of simply passing through the cusp, touches the cuspidal 
tangent, then in the equation (a, b, 0, f, g, hWz, y, 2?=0 of the conic we have f=0, 
or, what is the same thing, in the equation (e, 6c, 0, la, 2b, 2d$x, y, 2» — 0 of the 
conic we have d —0. The equation in @ is thus reduced to 406* + 6c0* + 4d0 + e = 0. 


For the independent discussion of this case it is convenient to alter the coefficients 
so that the equation in @ may be in the standard form (a, b, c, d$0, 1) = 0, viz. we 
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assume the equation of the conic to be (d, 3b, 0, 0, $a, 3cYx, y, 2?=0. The equation 
of the contact-locus then is 


wd? + 4ac? + 4b*d, — babed — 3b** = 0, 
viz. this is a developable surface, or torse, of the order 4, and we at once infer 
(2x1, 1:)=4, agreeing with (2x1, 1 :) = 2m + n — 5. 
I will show also that we have 
(2x1, 1-/)=6, agreeing with (2x1, 1 - ) =2m + 2n — 6, 


and | Thy 
(Gel, 15) = 5," *, » (2x1, 1//)= m+2n— 4. 


The condition that the conic may touch an arbitrary line az + By + yz — 0, is in fact 
(0, —1a?, $(4bd — 3c), fac, —3ab, OYa, B, y? = 0, 


which, considering therein (a, b, c, d) as coordinates, is the equation of a quadric surface 
passing through the conic a=0, 4bd—3c=0; the quartic torse also passes through 
this conic; hence the quadric surface and the torse intersect in this conic, which is 
of the order 2, and in a residual curve of the order 6; and the number of the 


conics (2x1, 1-/) is equal to the order of this residual curve, that is, it is — 6. 
If the conic touch a second arbitrary line ax + y +y2=0, then we have in like 
manner the quadric surface 
(0, —1a?, 3 (Abd —3c), łac, — Zab, Oa’, B', y? —0; 


that is, we have the quartic torse and two quadric surfaces, each passing through the 
conic a= 0, 4bd — 3? — 0, and it is to be shown that the number of intersections not 
on this conic is — 5. The two quadric surfaces intersect in the conie and in a second 
conic; this second conie meets the torse in 8 points, but 2 of these coincide with the 
point «=0, b=0, c— 0, which is one of the intersections of the two conics (the point 
a=0,b=0,c=0 is in fact a point on the cuspidal edge of the torse, and, the conic 
passing through it, reckons for 2 intersections) and 1 of the 8 points coincides with 
the other of the intersections of the two conics; there remain therefore 8—2—1, —5 


intersections, or we have (2x1, 1 //) — 5. 


Annex No. 5 (referred to, Nos. 22 and 71). On the Comics which have contact of the third 
order with a given cuspidal cubic, and two contacts (double contact) with a given conic. 


Let the equation of the cuspidal cubic be a’z—y'=0 (2=0 tangent at cusp, 
z=0 tangent at inflexion, y=0 line joining cusp and inflexion; equation satisfied by 


ey: 31:08); 
and let the equation of the given conic be 


U=(a, b, c, f, g, hie, y, 2? =0; 
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then writing 
6 =(a, bd. f, 9, 591, 0-07 
= 00° + 2f0* + 290? + b@ + 2h0 + c, 


the equation of a conic having with the given cubic at a given point (1, 6, 6) 
contact of the second order, and having double contact with the given conic, is 


y DU x NE 
A. tiki viet 
(VB) . 1 36 
LO . . 68 
viz. in the rational form this is 
360* U — E. 12 1*0 
Vē, 1 6 0 
(VB) . 1, 36 
(VB) . ...68 


and this will have at the point (1, 0, 6*) a contact of the third order if @ be deter- 
mined by 


| VO, 1, 0, 6|=0, 


(VOY . 1, 380 
O . . 60 
VO"... 6 


viz. this is 
e (V8)" - (V8y' = 0; 
or developing and multiplying by @š, this is 
0 [@:@” — 32000” + 20^] — (@°@” — 100”) = 0, 

or, what is the same thing, 

©: (00” — ©”) + OO (— $00" + 40’) + ©”. 200' 20; 
and substituting for O its value, this is 

(cO + 2f0* + 296* + bE? + 2h0 + ay (45c0* + 1276 — b) 
+ (c65 + 2/0* + 290? + bO + 20 + a) ( 3+ 4f0* + 396* + b0 +h) 
(— 42c0* — 32f0* — 1590: — 200 + h) 

+ 30 (3c0* + 4f0* + 390? + b0 + hy = 0. 
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The coefficients of the powers 16, 15, 14, 13 of 0 all vanish, so that this is in 
fact an equation of the twelfth order («10, 1)?— 0; and putting, as usual, 


(bc — PS. ca — g*, ab — k, gh — af, hf — bg, fg — ch) = (A, B, C, F, G, Hy), 


the equation is found to be 


— 4cA Q0» + do + 45aB 

+ 30cH 0" + 99B O — 20fC | 6* 

— 36cB | d — 29bH + we 

+ 16fA + 4004, + m 2 

— 10cG | — 130hH + 20aG 

+ 4094 f qup ae — 400 

+ 20bA + 40fF - sw d 

= wn 0» + 33hB — 5hC 0 

— 90gH + 2bG L & = A 
— 108aH 


where the form of the coefficients may be modified by means of the identical equations 


(A, H, Gía, h, g) = K, 
(H, B, ou ae 0; 
(G. PF. UO 3. y= 0, 
(A, H, Gh, b, $) 2 0, 


(I B PSU. )=XK, 
(Qu, T cae, 
(A, H, Gig, f, c) - 0, 
UD A Yo), 
CARAS A ya 


There is consequently a conic answering to each value of 0 given by this equation, or 
we have in all 12 conics. 


In the case where the given conie breaks up into a pair of lines, or say, 
(a, b, c, f, g, hijo, y, zy = 2 (X + py + uz) (Net uy + vz), 
then, writing for shortness 


py’ — uv, v —vX, Ay — Xy = X, Y, Z, 
we have 


ABORDA Ys Ds YE ZX) XY) 
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Substituting these values, but retaining (a, b, c, f, g, h) as standing for their values 
& —9XX, &c. the equation in @ is found to contain the cubic factor 2X0" — 3Y@ + Z, 
where it is to be observed that this factor equated to zero determines the values of 
0 which correspond to the points of contact with the cuspidal cubic of the tangents 
from the point (X, Y, Z), which is the intersection of the lines As + uy +vz=0, and 
Na+py+vz=0:; and omitting the cubic factor, the residual equation is found to be 


AX |—12cY| — 8/X |—20gX | - 105 X | - 40AX | - 20a X | + l5a Y | + 5hAZ | +42 | 
( —12fY |+ 3gY |- 80Y |+172Y |+ 467 KU 1)* 0, 
+ 4cZ + 7gZ | 


where the form of the coefficients may be modified by means of the identical equations 


aX + hY + gZ = 0, 
AX + bY + /Z = 0, 
gX+fY + cZ = 0. 


The equation is of the 9th order, and there are consequently 9 conics. 


Annex No. 6 (referred to, No. 48).— Containing, with the variation referred to in the 
text, ZEUTHEN'S forms for the characteristics of the conics which satisfy four conditions. 


(1) 
:: )= n+2m, 
^d) = 2n + 4m, 
://) = 4m + dm, 
(+ /[[) = 4n + 2m, 
( /[[[) 2 9n + m; 
(1, 1) 
(.. )=2m( m+ n-3)+ 7, 
( :/)2 2m ( m+ 2n — 5) + 27, 
( * /[) 2 2n (2m + n — 5) + 26, 
CI ) 9 2n (m+ n—8)+ 8; 


( 
( 
( 


(1, 1, 1) 

( : )=3[2m*+ bmn — n* — 80m? — 18mn + 19? + 84m — 42n + (6m + 3n — 26) 7], 
ADI 1[(m+n)(—(m+n)—7 (m+n) + 48)+ 4mn(3m +3n—13)+2(3m+3—20)(6+7)), 
(j^ 3 


[| ) = 4 [^ m? + 6mm? + 20? + 13m? — 18mm — 301? — 42m + 84n + (3m + 6n — 26) 6]; 
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651,4, D 
(-)=4[ 2(m-3)(m-4) (n° — m — n) + (n — 3) (n — 4) (m° — m — n) 
+ 4 (m° — 11m + 28) 7 +2 (n? — 11n + 28) Š 
+ (4 (n — 4) m — 4) — 1) (28 + 7) + 284+ 73], 
(/)=4{ (m — 3) m — 4) (n° — m —n) + 2(n — 3) (n — 4) (n? — m — n) 
+ 2 (m° — 11m + 28) 7 + 4 (n* — lln + 28) Š 
+ (4(n— 4) (m — 4) —1) (8 + 27) + & + 9⁄2] ; 


(2) 
(*)= Bm+s 


(:/)=2(3m + o), 
(: //) = 2 (8m + o), 
(ID= 3m+:, 


(2, 1) 
(: ) 2 3(2mn +m + 4m — 102) + (2m + à — 14) x, 


( : /) = 2 (8m + ¿) (m+n — 12) + 24 (m + v), 
( /[ ) = 8 (m? + 2mn — 10m + 4n) + (m + 2n — 14) x; 


(2, 1, 1) 
(-)= (Qm+n—7)(67 + (n — 3) z) 


+ ((m — n) (m + n — 5) + r) (8m + (— 36) 
+ 12 (m — n) (m + n — 3), 

o lose (m + 2n — 7) (68 + (m — 3) 4) 
+ (m — m) (m + w — 5) 4- 8) (8m + ¿ — 36) 
+12 (n— m) (m + »—3); 


2, 2) 
( - ) =14(3m + (y —3 (8m 0) — 97 — 86, 


( | ) 2 $ (3m 0p —3 (3m + 0) — 87 — 98; 
(3) 
(:)= 6n—4m+3x= 5m—8n+ 31, 
( */) 2 10n — 8m + 6x = 10m — 8n + 61, 
(//)= 5n-3m+3x= 6m-—4n+ 31; 
(1, 3) 
(-)= 2(—4m?+ 3mn + 3n? + 28m —32n) +3 (2m4+ n-—13)k, 
(/)= 2( 3m*+3mn-— 4m? — 32m + 28n) +3( m+ 2n — 13) v; 
(4) 
(+ )=10n—10m+6x= 8m-— 8n + bu, 
(/)= 8n— 8m+ 6x= 10m — 10n + 6x. 
C. VI 33 
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Annex No. 7 (referred to, No. 93). 


In connexion with De Jonquieres’ formula, I have been led to consider the following 
question. 


Given a set of equations: 


a = a (wz b Sb, e= oro) 

ab = ab La dc = ac, &c., and the like in all the subsequent dud 
+( SPB 4 (11) a.c, 

abo = abc 


+( 12)(a.bc +b.ac+c.ab) 
+( 111) a.b.c, 


abed = abcd 
+( 13)(a.bcd +&c.) 
+( 22) (ab.cd + &c.) 
+( 112) (a. b . cd + &c.) 
t (1111) a.b .c.d, 
and so on indefinitely (where the (:) is used to denote multiplication, and ab, abc, &oc., 


and also ab, abe, &c. are so many separate and distinct symbols not expressible in 
terms of a, b, c &c., a, b, c &c.), then we have conversely a set of equations 


C= a'(vizrb. mb, cc Me), 
ab = ab E ac = ac &c., and the like in all the subsequent pr 
+[ 11] a.b + [11] a.c, 
abc = abc 
+[ 12](a.be +b.ac+c.ab) 
+[ 111] a.b.c, 
abcd = abed 


+[ 13](a.bed +4c.) 
+[ 22](ab.ed +čze.) 
+[ 112](a.b.cd + &.) 
+ [1111] a.b.c.d, 
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and so on; and it is required to find the relation between the coefficients ( ) and 


[ ]; we find, for example, 


[1]-- (11), 
[2]-- (12), 
[111] = (11) (12) 
Yi (l 
[3]-- (13), 
[22)=- (22), 
[112] = (13) (12) 
T (22) (11) 
- (12), 


[1111] = — 12 (13) (12) (11) 
+ 4 (13)(111) 
— 3 (22)(11)(11) 
+ 6 (112)(11) 
- (ELD): 
and it is to be noticed that, conversely, the coefficients ( ) are given in terms of the 
coefficients [ ] by the like equations with the very same numerical coefficients; in 
fact from the last set of equations, this is at once seen to be the case as far as 
(112); and for the next term (1111) we have 
(1111) = + 12 [13] [12] [11] = 
4 [13] {3 [12] [11] — 111]; 
3 [22] [11] [11] 


(12—12— 12=)- 12 [13][12] [11] 
+ 4 [13][111] 

)- 3 (21001) 
opi 2 [13] [12]) + 6 [u2][11] 


3 + [22] nm = [put 
— HATS [112] 


+ 


+ (3-6= 


having the same coefficients —12, +4, — 3, +6, — 1 as in the formula for [1111] 
in terms of the coefficients ( ); it is easy to infer that the property holds good 
generally. 


To explain the law for the expression of the coefficients of either set in terms of 
33—2 
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the other set, 1 consider, for example, the case where the sum of the numbers in the 
{ ) or [ ] is =5; and I form a kind of tree as follows: 


5 


14 23 113 122 1112 11111 


ed. aee 


$2. 112 1114.11:111., 32 VE 3 11 


the formation of which is obvious; and I derive from it in the manner about to be 
explained the expressions for the coefficients [14], [23] &c. in terms of the corresponding 
coefficients in ( ); viz. we have 
[14] = — (14), 
[23] =— (23) 
[118] = 2 (193) 
+ (23) (11) 
v (113), 


[122] = (14) (22) 
+ 2 (23)(12) 
- . (12), 
(14) (13) (12) 
(14) (22) (11) 
(14) (112) 
(23) (12) (11) 
(113) (12) 
(23) (111) 
(122) (11) 
(1112), 


Eu 
= Y Aw Q A 


[1112] = 


= Qu 
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[11111] =+ 60 (14)(13) (12) (11) 
— 20 (14)(13) (111) 
+ 15 (14)(22) (11) (11) 
— 30 (14)(112)(11) 
5 (14 (111) 
30 (23) (12) (11) (11) 
— Io (23) (111) (11) 
— 30 (113)(12)(11) 
+ 10 (113) (111) 
— 15 (122) (11) (11) 
+ 10 (1112)(11) 
= I (1111. 


+ + 


To form the symbolic parts, we follow each branch of the tree to each point of 
its course: thus from the branch 113 we have 


(113) belonging to [113], 
(113) (111) + [11111], 
(113) (12) s. [1112], 
(113) (12) (11) h hs TAN 


viz. (113) belongs to [113]; (113)(111), read 11 (3 replaced by) 111, belongs to [11111]; 
(113) (12), read 11 (3 replaced by) 12, belongs to 1112; (113) (12) (11), read 11 (3 
replaced by) 1 (2 replaced by) 11, belongs to [11111]. 


And observe that where (as, for example, with the symbol 122) there are branches 
derived from two or more figures, we pursue each such branch separately, and also 
all or any of them simultaneously to every point in the course of such branch or 
branches; thus for the branch 122 we have 


(122) belonging to [122], 

Bl ben (same twice) - [1112], 

(122) (11) 

(122) (11) (11) : [11111]. 

Similarly for the branch 23 we have 

(23) belonging to [23], 
(23) (111) y (1112), 
(23) (12) A [122], 
(23) (12) (11) (same as infra) 3 [1112], 
(23) (11) (111) à [11111], 
(23) (11) (12) (same as supra) 2 [1112], 
(23) (11) (12) (11) y [11111]. 
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We thus obtain the symbolic parts of the several expressions for [14], [23]... . [11111] 
respectively : the sign of each term is -- or — according as the number of factors in 
( ) is even or odd; thus in the expression for [11111], the term (14) (13) (12) (11) 
has four factors, and is therefore +, the term (113)(12)(11) has three factors, and is 
therefore —. 


The numerical coefficients are obtained as follows. There is a common factor 
derived from the expression in [ ] on the left-hand side of the equation; viz. for 
[11111] which contains five equal symbols, this factor is 1.2.3.4.5, =120; for [1112], 
which contains three equal symbols, it is 1.2.3, —6; and so on (for a symbol 
such as [11222] containing two equal symbols, and three equal symbols, the factor 
would be 1.2.1.2.3, — 12, and so in other similar cases) In any term on the right- 
hand side of the equation, we must for a factor such as (11), which contains two 
equal symbols, multiply by 4+; for a factor such as (111), which contains three equal 
symbols, multiply by 3, and so on. And in the case where a term (as, for example, 
the term (122) (11) or (23)(12)(11), vide suprà) occurs more than once, the term is to 
be taken account of each time that it occurs; or, what is the same thing, since the 
coefficient obtained as above is the same for each occurrence, the coefficient obtained 
as above is to be multiplied by the number of the occurrences of the term. For 
example, taking in order the several terms of the expression for [1112], the common 
factor is — 6, and the several coefficients are 


6, "6:4 "6.9 OTE 2 6:55 5:20 790740627 0505 
and similarly in the expression for [11111] the common factor is 120, and the coefficients 
taken in order are 
120.4, 120.1, 110.434.4.4, &c, 
without there being in this case any coefficient with a factor arising from the plural 
occurrence of the term. 

The foregoing result was established by induction, and I have not attempted a 
general proof. 

I observe by way of a convenient numerical verification, that in each equation the 
sum of the coefficients (taken with their proper signs) is (—)"71.2..(» —1); if n be 
the number of parts in the [ ] (n=5 for [11111], =4 for [1112] &c.) and moreover, 
that the sum of these sums each multiplied by the proper polynomial coefficient and 
the whole increased by unity is = 0; viz. for 

[14], [23], [113], [122], [1112], [11111], 
the sums of the coefficients are 
—1 -1, +2, +2 —6, +24 respectively, 
and we have 
14-5(—1)-- 10(- 1) - 10(2) + 15 (2) +10 (— 6) +1(24), = 75 — 75, =0. 

If we have any five distinct things (a, b, c, d, e), then the polynomial coefficients 
5, 10, 10, 15, 10, 1 denote respectively the number of ways in which these can be 
partitioned in the forms 14, 23, 113, 122, 1112, 11111 respectively, and the last-mentioned 
theorem is thus a theorem in the Partition of Numbers. 
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